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BY
MATHEMATICAL DIFFUSION ANALOGIES 
ABSTRACT 
BY
NORBERT K. BECKER
A review of the literature reveals that there is, at present, no 
theoretical or empirical method whereby the shrinkage of field structures 
can adequately be predicted from the results of smaller specimens in the 
laboratory. The effects of specimen size and shape bn the shrinkage of 
concrete have been noted by Ross, Hansen and Mattock, L'Hermite and 
Mamillan, and others. And although methods have been devised for evaluat­
ing these effects, they suffer the disadvantages of being empirical 
and often lacking in accuracy.
Besides reviewing what is generally known about the shrinkage of 
concrete, this dissertation attempts to evaluate the use of mathematical 
diffusion analogies for the prediction of this phenomenon. This method, 
although suggested in 1937 by Carlson, has since received little atten- 
tion. This has been due in part, to the lack of sufficient experimental 
data.
Tb provide the necessary data, more than 400 specimens were cast. 
The program variables include the specimen size, the canent type, the 
length of moist curing, the ambient relative humidity and the number of 
specimen sides subjected to drying.
iii
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This investigation consisted basically of two separate studies. 
The first was intended to investigate the relationship between the 
average moisture concentration loss and the average fractional shrin­
kage of concrete. The second was intended to determine the effects of 
specimen size on the fractional shrinkage development of concrete sub­
jected to different ambient relative humidities. In both these studies, 
an attempt is made to fit the experimental data with numerical solut­
ions of the,diffusion equation.
As a result of these investigations, it is shown that both the 
imoisture concentration loss and the fractional shrinkage of concrete 
can adequately be described by numerical solutions of the linear diff­
erential diffusion equation. While the shrinkage diffusion coefficient 
can be assumed to be a constant, a better fit to the experimental
moisture loss data can be obtained by assuming the moisture diffusion
)
coefficient to be a linear logarithmic function of the fourier number.
By further applying diffusion theory to the experimental res­
ults in the literature, it is shown that the accuracy of diffusion an­
alogies as applied to the shrinkage of concrete is not affected by
the concrete ingredients, the shape of member or the environmental 
conditions.
In conclusion, it is pointed out that the shrinkage diffusion 
coefficient does not vary over a broad range. As a result, a method 
for the prediction of concrete shrinkage is suggested.
iv
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LIST OF SYMBOLS
a » the height of a slab drying from one side or the half height of 
slab drying from two sides, 
a = the half width of an equivalent beam.
= the positive roots of (Jo) 
b = the width of a slab drying from one side or the half width of a 
slab drying from two sides, 
g = the half height of an equivalent beam.
C = the amount of diffusing substance.
Cb = the ultimate moisture loss.
Eg = the shrinkage strain.
GSaT the final shrinkage of a particular specimen, 
f = the surface factor.
Fo = the fourier number, 
g = a dummy variable.
Y = an assumed constant.
Jo = Bessel*s function of zero order.
Ji = Bessel's function of order one.
K = the moisture diffusion coefficient.
Ko = an assumed constant.
Ke = an assured constant.
Ki = an assumed constant.
L{C} = the Laplace transform of (C).
Vll
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X = an assumed constant, 
m = an assumed constant.
W = an assumed constant, 
n = any positive integer, 1,2,3,4,.... 
n = an assumed constant.
Ns = the time at which the shrinkage strain of a particular specimen 
becomes equal to half its ultimate value.
0 = an assumed constant.
0 = the relative humidity, 
r = the radial cylindrical coordinate.
S = the shrinkage strain.
sa = the average ( across the section ) shrinkage strain.
= the average ( across the section ) shrinkage strain ( drawings ).
Sou = the shrinkage strain at time infinity.
Syit " the ultimate shrinkage strain ( drawings ).
t = the drying time.
t/b^ = the fourier number to an arbitrary scale.
T = an assumed constant.
8 =  a redefined time variable.
T = the fourier number.
U = the moisture concentration = C/Co
U = the average ( across the section ) moisture concentration.
[ 1 - U ] = the average ( across the section ) moisture concentration loss.
[V/A] = the volume to drying surface area ratio.
[V/S] = the volume to drying surface area ratio.
V = an assumed constant.
viii
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W/C = the water-cement ratio, by weight. 
x,y,z, = the spacial coordinates.
Y = y/b = dimensionless spacial coordinate.
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CHAPTER I 
INTRœUCTION
Of all the problems associated with the use of concrete, shrin- 
kage must be included as one of the most aggravating. The increased 
use of prestressed concrete, high strength reinforcing steel, lightweight 
concrete and thin-shelled concrete structures has pushed shrinkage to 
the forefront of major concern. As stated recently in a report by Sub- 
committee I of ACI Committee 209, the causes of shrinkage ( and creep ) 
constitute, " one of the major unsolved problems facing the Civil Eng­
ineer." [Ref.79].
The inability of science to discover ways of eliminating this 
problem has forced designers to accept the fact that it does exist and 
to attempt, as best they can, to incorporate this undesireable feature 
into their design. Before this is possible however, an accepted and a 
proven method for predicting the shrinkage of concrete must be devel­
oped.
Since the turn of the century, a proliferation of papers have 
been published concerning this phencmenon. The earliest of these dealt 
primarily with the factors which affect the shrinkage of concrete. More 
recently, attempts have been made to explain the mechanisms which cause 
shrinkage and to provide empirical methods which fit experimental shrin- 
kage data. However, since à complete understanding of this problem could 
lead to its eventual elimination, considerably less work has been done 
to enable an accurate prediction of this phenomenon than has been done
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
2for the sake of understanding the nature of the problem. [Ref.80]
In this dissertation, an attempt will be made to review what is 
known about the shrinkage of concrete and to evaluate the ability of 
mathematical diffusion analogies to describe this phenomenon. This 
evaluation will be imade on the basis of comparisons of experimental 
data with the numerical solutions of the diffusion equation. In an 
effort to assess the limitations of this method, the theory will also 
be applied to a broad range of experimental results obtained from 
the literature.
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THE STRUCTURE OF 
CEMENT PASTE AND CONCRETE
In its simplest form, concrete is a heterogeneous building ^ material 
which consists essentially of a conglomeration of aggregate bonded by 
a cement paste matrix. Included in this structure is a natural system 
of air voids. In addition, concrete may contain any of a wide variety 
of chemically active or inert additives. However, due to the vast number 
of the latter, they will be omitted from this discussion as they are in 
the experimental program.
The aggregates generally used in concrete are chemically inert in 
the presence of hydrating cement paste. And although natural aggregates 
do possess a pore structure, these pores are generally much larger than 
those found in hydrated cement paste [Ref.l]. As a result, they gener­
ally do not exhibit an appreciable drying shrinkage but rather act as 
rigid inclusions in a shrinkage susceptible cement paste [Ref.2]. An 
understanding of the shrinkage of concrete therefore requires an under- 
standing of the structure of the portland cement binder.
Despite considerable research effort by numerous investigators, the 
micro-structure of cement paste has not yet been definitely established. 
However, numerous theories and models have been expounded. Those which 
seem to be most generally accepted will therefore be briefly reviewed.
Immediately after portland cement comes in contact with water, the 
structure of the paste consists of dispersed particles of unhydrated 
cement in an aqeous solution. These particles range in diameter from
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
40.5 microns to 75 microns, with about 66 per cent of the particles 
having a diameter of more than seven microns. Within five minutes of 
contact, the most rapid hydration takes place as is evidenced ky a 
high rate of heat evolution. Then a relatively dormant period sets in 
which is followed by steadily increasing activity which starts dec­
reasing about six hours after contact [Ref.3]. Theoretically however, 
the reactions never completely cease until after all the cement is 
hydrated or all the interior water is depleted. It is doubtful that 
complete hydration ever takes place during the life of a concrete 
structure.
Powers concluded that the initial reaction does not significantly 
alter the size and shape of the unhydrated cement grains [Ref.4]. During 
the dormant period, properly mixed cement paste is a thick suspension 
of particles in a flocculant state with the entire paste acting as a 
single floe in that it possesses some cohesive strength [Ref.5]. Then 
as the hydration proceeds, the structure gradually approaches that of 
a colloidal gel. The reaction products formed have a volume which is about 
2.2 times larger than the absolute volume of the unhydrated cement. The 
minimum porosity of cement paste is atout 28 par cent but the usual 
porosity of cement paste lies between 40 and 55 per cent [Ref.5]. Because 
of the increase in the solid volume caused by cement hydration, some 
of the water which originally separated the grains is chemically held 
and some is entrapped in the pores of the gel. As hydration proceeds, 
the hydration products of one grain of unhydrated cement meet the prod­
ucts of other grains and cause a structural bridging and the development 
of considerable strength. If however, too much water is present (i.e.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
5the local water-cement ratio is too high) seme of the water separating 
the hydration products will never be incorporated into the structure 
of the gel. This will result in the persistance of 'capillary voids'. 
These voids, while more or less continuous in fresh paste, usually 
become discrete capillary cavities as hydration proceeds [Ref.6].
The colloidal gel particles which constitute the bulk of hydrated 
Portland cement are imostly quasi-crystalline. X-Ray analysis has shown 
that these particles are sheet-like and are usually only three or four 
molecules thick. Because of their characteristic similarity to a 
natural mineral called tobermorite, hydrated cement gel has come to 
be called 'tobermorite gel'. In actual fact, the most abundant colloidal 
constituent of hydrated cement is an impure calcium silicate hydrate.
One outstanding characteristic of the colloidal matter in hydrated 
cement paste is the fact that its specific surface is virtually the 
same for different paste densities and for portland cements of 
different chemical compositions [Ref.l]. Water-vapoiir sorption studies 
suggest that the specific surface of hydrated cement is about 200 
square meters per gram of unhydrated cement paste. More recent studies 
using nitrogen and methane adsorbates indicate a somewhat lower value 
[Refs.5,7,8]. This represents an increase in specific surface of more 
than 1,000 times that of unhydrated cement.
In addition to the tobermorite gel, an amount equal to about 15 per 
cent of the total volume of completely hydrated cement consists of 
calcium hydroxide. This product of hydration is formed when lime combines 
with water. After the mixing water becomes saturated with calcium 
hydroxide, crystalline and amorphous calcium hydroxide is formed. The
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
scrystals can assume different shapes and may vary in size from sub- 
microscqpic to ahhedral crystals with diameters of from 100 to 200 
microns. These crystals tend to form in capillary voids and in fissures 
around the surface of aggregate particles [Ref.9].
Due to the sub-microscopic size of tobermorite gel particles,
representations of the structure of cement paste have 
been somewhat speculative. Powers suggested the imodel shown in Fig.l 
[Ref.5]. This model is based at least in part on the electron micrographs 
of calcium silicate hydrates and cement paste obtained by Grudemo. An 
example of these may be found in Ref.10. A more recent - and more 
controversial - model was presented by Feldman and Sereda [Réf.7] and 
is shown in Fig.2. It should be noted that the relative scale of these 
models is vastly different. The Powers' model is much larger and shows 
large capillary voids while the Feldman and Sereda model attempts to 
show the structure of the sub^microscopic tobermorite gel.
In summary, a few general concepts of particular importance to the 
discussions which follow will be considered. Hardened cement paste is 
principally a rigid colloidal gel which has a very large specific 
surface. The original mixing water may be chemically bound, physically 
adsorbed or entrapped in the structure of the cement paste. Because of 
the attractive forces v^ich hold the adsorbed water, this water may 
exhibit properties not usually attributed to water. In addition, the 
adsorbed and entrapped water forms an integral part of the structure 
of hydrated cement paste. Removsd. of this water can cause the hardened 
cement paste to undergo a change in structure xdiich can alter the 
engineering properties of the paste. Those properties which are most
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
9M »  " " ..........
Mtsi'Wiss/*/ , ■’■ "tJ
'%iir,.' „"„F,;.‘’
f ( /  h < l /l ‘ //' Un (,
,77?7mff-::^  ^ • • ■ - '« * t / /
c
mm:mm/)(-->//
m Ê a m i m m
Fig.l - Simplified model of cement paste. Dense areas represent 
tobermorite gel. Spaces such as those labelled "C" represent cap­
illary cavities. The upper drawing represents mature paste with 
an initial water-cement ratio of 0.50 and a capillary porosity of 
20%. The lower drawing represents nearly mature paste with an 
initial water-cement ratio of 0.30 and a capillary porosity of 
7%. (Powers)
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Fig.2 - A simplified model for hydrated cement paste.(Feldman and 
Sereda)
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9affected are the strength, the modulus of elasticity, the creep and 
the volume of the cement paste. As might be expected, these changes 
are also reflected in mortar and in concrete.
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CBAPmmiii 
VOLUME amiGES
Because of the chemical and physical nature of cement paste, 
a number of natural volume changes may manifest themselves in concrete. 
These will now be considered in some detail.
Aj VOLUME CHANGES DUE TO CHEMICAL REACTIONS
(1) AUTOGENOUS SHRINKAGE: During the hydration of portland cement, 
many chemical reactions are in progress. If the paste is hermetically 
sealed to prevent the exchange of moisture between the paste and the 
atmosphere, an autogenous shrinkage takes place. This is due to the 
fact that the volume of the hydration products is less than the sum 
of the volumes of the initial constituents in cement paste. This was 
shown by Le Chatelier who found that the volume of the hydrates is 
always less than the absolute volume of the anhydrous components and 
the water. At 7 days, this volume change amounts to about 12 per cent 
of the volume of the unhydrated portland cement [Ref.17]. In concrete 
this volume change is considerably less. In the interior of large 
concrete masses for example, autogenous shrinkages of 40 millionths 
have been monitored after one month of hydration and shrinkages of 
100 millionths have been recorded after five years [Ref.16]. As a 
result, this shrinkage is generally not separated from drying shrinkage 
in experiments designed to measure the latter.
10
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(2) SWELLING: In contrast to the phenomenon just described, if a 
Portland cement paste is hydrated in an excess of water, the hydration 
is accompanied by a volumetric expansion. This expansion is also acc­
ompanied by an increase in the weight of the specimen. As a result, it 
is generally assumed that this increase in weight and expansion is the 
result of water diffusing into the concrete or cement paste mass and 
repleneshing the water which is used up in the hydration reactions. The 
actual swelling occurs because water is introduced into the capillary 
cavities and the microstructure of the gel. It should be noted however 
that the increase in weight of about 1 per cent is imuch larger than 
the swelling [Ref .17]. While this swelling is usually limited in str­
uctural concrete members, it has been found to be in the order of 
from 100 to 400 millionths in massive concrete dams [Ref.18].
(3) CARBONATION SHRINKAGE: "Ehe phenomenon of carbonation shrinkage 
has only recently been recognized. Carbon dioxide - even in the small 
amounts contained in relatively unpolluted air - reacts with certain of 
the reaction products of cement paste. These reactions only appear to 
take place in the presence of water. It was originally postulated that 
only the reaction of carton dioxide with free lime caused carbonation 
shrinkage; however more recent studies have shown that those pastes 
having the least amounts of free lime exhibit the largest free shrin- 
kage [Refs.19,20]. It has therefore been suggested that the combined 
lime may cause more shrinkage than free lime. Tlie morphology of the 
calcium hydroxide also appears to have an affect on the rate and the
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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degree of carbonation, with finer crystalline and amorphous calcium 
hydroxide exhibiting more carbonation shrinkage.
As mentioned earlier, the carbonation reaction requires a certain 
amount of water. The moisture content or internal relative humidity 
of the cement paste or concrete therefore plays an important role in 
carbonation. Swenson and Sereda hypothesized that the reaction of lime 
and carbon dioxide begins at a minimum internal relative humidity of 
about 10 per cent and increases with increasing relative humidity 
until the rate of reaction reaches a certain level. Thereupon, the 
surface of the lime becomes coated with the impervious carbonation 
products as well as the surplus water produced by the reaction. This 
provides a sufficient barrier between the calcium hydroxide and the 
carbon dioxide to retard the reaction. If the specimen is then dried, 
this water is removed and the impervious products shrink, crack and 
once again permit the reaction to proceed if water is reintroduced 
into the system. It has been found that carbonation shrinkage will 
continue in this irreversible manner until one or more of the reac­
tants becomes inaccessable. Swenson and Sereda also found that the 
maximum carbonation shrinkage occurs when the specimen is first 
preconditioned to 50 per cent relative humidity and then subjected to 
cyclic wetting and drying [Ref.20].
The shrinkage vhich is associated with carbonation has been attributed 
to the preference of carbonation to take place at points of contact of 
the internal structure and to deposit the carbanation products in spaces 
near the original contact points. As a result of carbonation, these 
spaces slowly become filled resulting in a denser and more impervious
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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paste [Refs.21,22,23],
EQ CHANGES DUE TO DRYING
(1) PLASTIC SHRINKAGE: Mhen fresh cement paste, mortar or concrete
is exposed to dry air, the setting is accotpanied by a drying shrinkage. 
While in the plastic state, fresh concrete tends to settle. The solids 
slowly sink into the mass and the water rises or bleeds to the surface 
where it may be removed by evaporation. Since the binder, in the plast- 
ic state, has not yet derived any appreciable strength, excessive drying 
can give rise to surface cracks. It has been suggested that cracking can 
only take place if the rate of evaporation of free water from the binder 
exceeds the rate of bleeding [Ref.24,28].
Plastic shrinkage can only partly be explained by the loss of water. 
I&nai iui tdw2 absence of evaporation, some shrinkage irnay take place due 
to settling by gravity and by the action of capillary forces [Ref.17]. 
However, this shrinkage is very small in comparison to the shrinkage 
vhich can be observed when evaporation is allowed to take place. Until 
the surface water is removed, the plastic shrinkage is of the same order 
of magnitude as the volume of water lost due to evaporation. Once this 
water is removed however, the mechanism of plastic shrinkage becomes 
more complex because it requires the removal of water from the interior 
of the concrete mass.
A typical plot of plastic shrinkage is presented in Fig.3. Many 
more such plots can be found in [Refs.25,26,27]. Fig.3 presented in 
[Ref .17] by L'Hermite, shows how plastic shrinkage can develop in
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cement paste, mortar and concrete. As might be expected, the incl­
usion of rigid aggregate tends to restrain the shrinkage. It should 
also be pointed out that the initial water-cement ratio can drastically 
influence the plastic shrinkage. Celani et al [Ref.26] found that 
an increase in the water-cement ratio from 0.35 to 0.45 can double, 
triple or quadruple the plastic shrinkage. It has also been established 
that the higher the plastic shrinkage, the more dense will be the 
hardened structure - if cracking does not occur first - and the less 
it will shrink in the hardened state [Ref .28].
(2) [HOniKS&auamAGE op MATURE CONCRETE: Changes in the hygrothermal 
conditions of the environment can significantly influence the volume of 
hardened cement paste. This volume change is therefore reflected in 
both concrete and mortar. The cause of this shrinkage or swelling has 
]been attributed to theimovement of water into or out of, the structure 
of the cement gel. Moreover, it has been isolated to the tobermorite 
phase of the hydrated cement paste [Ref.29].
Although many theories have been suggested to explain this phenomenon, 
only a few will be presented in this discussion. Powers attributed drying 
shrinkage to three separate mechanisms [Ref.30].
1. Changes in the surface tension of the gel particles.
2. Changes in the pressure between gel particles.
3. Changes in the capillary tension.
Changes in surface tension: Wien considering the volume of matter, it 
is generally understood that the volume depends upon the atoms, molecules 
and crystals in the structure. These pieces of matter are held together
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by physical and/or chemical forces. Their spacing can be affected by 
temperature and atmospheric pressure. For static equilibrium to be 
maintained, the forces of attraction and repulsion in any direction 
must balance. When this is the case, the particle is said to be in a 
'potential trough' and work must be done on the particle to alter its 
spacing relative to other particles.
If colloidal particles are attracted to each other by surface 
tension, a relaxation of this tension will cause an overall expansion 
while an increase will cause a contraction. And since the surface tension 
of a solid particle is reduced when its surface reacts either chemically 
or physically with another surface, the adsorption or desorption of 
water onto or away from the surface of the gel particles will alter 
the surface tension and the volume of the gel. Powers estimated that 
this imechanism irnay account for 10 to 20 per cent of the total drying 
shrinkage of cement paste.
Changes in the pressure between gel particles: In hydrated cement 
paste, the average spacing between solid particles is about 24 A or 6,6 
times the estimated diameter of an adsorbed water molecule. Experimental 
evidence suggests however that on an open surface in saturated vapour, 
adsorption can build up a layer of water 5 molecules thick. This indicates 
' that the solid surfaces would prefer to adsorb nore water than the average 
spacing can accomodate. As a result, the water which is adsorbed must 
be under considerable pressure in order to be in thermodynamic equil­
ibrium. And if seme of this water is desorbed, the spaces would partially 
collapse and result in an overall shrinkage. This mechanism has been
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credited with causing the major portion of drying shrinkage.
Changes in the capillary tension: As mentioned previously, capillary 
cavities will always be present in concrete. These cavities are originally 
water filled but will became partially filled as water migrates either 
out of the specimen or to the hydration reaction sites where it is 
attracted by the grains of unhydrated cement. When the capillaries lose 
some of their water, the water remaining in the cavities will be subr 
jected to a capillary tension. Preyssinet theorized that this capillary 
tension causes the walls of the cavities to go into compression and 
therefore causes an overall shrinkage [Ref.32]. Only when all the 
capillary water has been removed from the cavities will this mechanism 
fail to influence the volume of the paste. By assuming the paste to 
contain only spherical cavities, Hansen was able to derive a theoretical 
expression for the volume change versus the relative humidity. According 
to his calculations, when the internal relative humidity is less than 
about 45 per cent, the capillary water has all been removed and therefore 
ceases to affect the bulk volume of the specimen.
Havir^ now considered the three independent mechanisms which are 
generally considered to cause shrinkage, it becomes possible to estimate 
"how they combine to produce an overall shrinkage. Fig.4 shows how these 
mechanisms combine at different relative humidities to cause shrinkage.
It should be noted however that in structural concrete, natural drying 
will cause moisture gradients to manifest themselves. As a result, the 
internal relative humidities may vary from 0 per cent at the surface,
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to 100 per cent in the interior. And while capillary tension may be 
responsible for the most shrinkage at one point in the specimen, 
the changes in the gel particle pressure may produce the major portion 
of shrinkage in another part of the specimen.
Although the theory of shrinkage mechanisms discussed above is 
perhaps the most popular at present, many others have also been sugg­
ested. Another theory which has been widely published is that of 
Ishai [Refs.33,34]. His theory, while similar to that of Powers in 
some respects, differs in that it includes four mechanisms rather 
than three.
Regardless of which theory is accepted however, it is generally 
understood that the drying of cement paste, mortar and concrete is 
related to the moisture loss. Fig.5 shows the relationship between 
shrinkage and water loss for a series of specimens ranging from 
pure cement paste to a mixture of 75 per cent pulverized silica 
and 25 per cent cement. Since the proportion of capillary voids 
is known to increase with an increase in the rock-flour content, the 
nbnlinearity of the shrinkage versus moisture loss relationship for 
pastes containing excessive amounts of silica has been attributed to 
the capillary tension which causes shrinkage. It is most interesting to 
note however that for the densest pastes, a linear relationship exists 
between the shrinkage and the moisture loss[Ref.44]. Even in the spec­
imens containing the highest proportion of pulverized silica, the rel­
ationship is close to being linear after a certain amount of water 
has been removed.
unfortunately, considerably less work has been published concerning
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the relationship between the moisture loss and the shrinkage of concrete. 
However since it generally accepted that such a relationship does exist, 
studies have been made to determine the manner by which water is lost 
by concrete. These will be described in another chapter.
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CHAPTER IV 
FACTORS AFFECTING DRYING SHRINKAGE
Due to the numerous factors which have been found to affect the 
shrinkage of concrete, the most important of these will now be cons­
idered. These are the following:
(A) Cement and water contents.
(B) Composition and fineness of cement.
<C) Type and gradation of aggregate.
(D) size and shape of specimen.
(E) Environmental conditions.
(A) CEMENT AaDVmvn3R(]QNTENTS:
In Chapter II it was mentioned that the shrinkage of most concretes 
can be considered to result from the shrinkage of cement paste. It is 
therefore reasonable to assume that both the water-cement ratio of the 
cement paste and the percentage of cement paste in a given volume of
concrete will influence the shrinkage of concrete. Fig.6 shows the 
interrelation of shrinkage, cement content, water-cement ratio and 
water content. The phenomenal increase in the shrinkage which is 
"observed with an increase in the water content can best be explained 
in terms of the shrinkage mechanisms outlined by Powers and which 
have been presented in Chapter III. If the water-cement ratio of a 
cement paste is increased, the resultant paste mass will contain a 
relatively large number of water filled voids which will result in
22
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a larger ultimate shrinkage. Furthermore, if the paste content is 
increased in a given volume of concrete, there will be a relative 
decrease in the aggregate content. And since the aggregate offers 
a restraint against the shrinkage of the cement paste, an increase 
in the shrinkage of concrete is to be expected if the paste content 
is increased.
(B) COMPOSITION AND FINENESS OF CEMENT
Despite considerable research effort, the effect of cement comp^ 
osition on the ultimate shrinkage of concrete has not yet been def­
initely established. After testing concretes made with 199 different 
commercial cements having a broad range of chemical compositions and 
other properties, Blaine, Ami and Evans [Refs.36,37,38] could only 
make the following conclusions:
(1) Increases in C-A, C.AF, fineness of cement and air content 
of concrete are associated with increases in drying shrinkage.
(2) Increases in Na^ O, SO^  and loss on ignition of the cement 
are associated with decreases in concrete drying shrinkage.
(3) The effects of other trace elements in the cement on 
the shrinkage of concrete seem insignificant.
Pickett undertook similar studies and found that the gypsum content 
influenced shrinkage. By adding varying amounts of gypsum to commercial 
canents, he found that there was an optimum gypsum content at which the 
shrinkage was minimized. [Ref .39]
With regard to the influence of cement fineness on the shrinkage of
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concrete, Neville reported that iwhile an increase in the cement fineness 
produces a definite increase in the shrinkage of cement paste, its 
effect upon the shrinkage of concrete is not nearly so well defined [Ref. 
40].
In conclusion, while it is definitely true that concretes made with 
different cements will exhibit different ultimate shrinkages, it is 
not yet possible to predict these differences.
(C) TYPE AND GRADATION OF AGGREGATE
The addition of clean, sound aggregate to cement paste can provide 
considerable restraint against the drying shrinkage of the i3ament]pasbe 
matrix. Because of the variety of aggregates used in concrete however, 
this restraint may vary considerably. Fig.7 shows the effect of agg­
regate content on drying shrinkage and Fig.8 shows the effect of the 
modulus of elasticity of the aggregate on the drying shrinkage of concrete. 
As might be expected, the least shrinkage is developed in concretes with 
d high aggregate content and in concretes with the most rigid aggregates.
Carlson showed that for a given maximum size of aggregate, the grad­
ation has little effect on the shrinkage of concrete.[Ref.41]. Pickett 
devised a theory to account for the reduction of shrinkage attributable 
to the addition of different aggregates based upon the fractional volume 
of aggregate and the shrinkage of the cement paste (Ref.42]. This theory 
was later expanded by Hansen and Nielson to take into account the modulus 
of elasticity of the cement paste and aggregate and also the effect of 
shrinkage prone aggregates [Ref.43]. Their results are presented graph-
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ically in Fig.9.
(D) SIZE AND SHAPE OF MEMBER
Despite the fact that it is generally known that the shape and 
size of a concrete member can influence the rate of shrinkage develop­
ment, relatively little has been done to establish this influence.
Hansen, who has done considerable work in this area has stated, " At 
the present time (September 1966) there is no theoretical method of 
predicting the influence of the size of concrete members on shrinkage." 
[Ref.31]. The most comprehensive experimental studies which have been 
done in this field have been reported by Ross [Refs.45,46], Hansen and 
Mattock [Ref 4^7] and L'Hermite and Mamillan [Refs.48,49]. However, these 
too have been rather limited in scope. Typical results obtained by 
Hansen and Mattock for different sized concrete cylinders are shown in 
Fig.9. It can be seen frcm this figure that the shrinkage development 
as a function of time can vary considerably for different sized specimens.
In addition to the size, the shape of the concrete member also 
influences the shrinkage. Because shrinkage is dependent upon the 
moisture loss, slender shapes such as I-beams and T-beams which lose 
their evaporable water faster than bulkier sections will also shrink 
faster. As a result, creep does not have the same oportunity to reduce 
the shrinkage stresses in these slender members. This suggests that 
vaille these shapes may prove to be more eooncmical from a geometrical 
point of view, they may also pose more serious shrinkage problems. The 
particular problem of shrinkage in slender structural shapes has been
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investigated by Hansen and Mattock [Ref.47],
(E) ENVIROtMENTAL CONDITIONS
Perhaps the most jjrportont factor affecting the shrinltage of 
ooncrete is the environment to which it is subjected. Since the 
drying shrinkage is a function of the moisture loss, anything which 
might cause the concrete to lose water may also cause an aoocmpanying 
shrinkage. As a result, the relative humidity, the ten^ ierature, the 
wind velocity and the solar radiation will all affect the shrinkage.
A typical plot of relative humidity versus shrinkage as a function of 
time is presented in Fig.11.
In addition to the factors mentioned above, the relative amount 
of carbon dioxide present in the atmosphere will also affect the 
shrinkage. This is due to carbonation which has been discussed in 
Chapter III. If the concrete is e::qx)sed to large amounts of carbon 
dioxide both the rate of development and the ultimate shrinkage can 
be caused to increase.
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CHAPTER V 
ÏÏE  t4A3HEMATICS CF DIFEUSION
Diffusion is a natural process vAierehy matter is caused to y. 
move from a point of high potential to a point of Icwer potential by 
means of a concentration gradient. The motion of a particular 'molecule' 
of diffusing matter is somewhat erratic and as a result has been 
termed a 'random wzdk'. This implies that while the tnlk of the dif­
fusing matter will tend to move to a lower potential, the path of 
a single molecule of substance is somaAat random.
A) GENERAL MATHEMATICAL THEORY
Ihe nathematical theory for diffusion is generally referred to 
as Pick's second law and takes the form:
^ = d i v  [Kgrad(C)] ....BQ[1]
where C(x,y,z,t) is the amount of diffusing substance, (t) is the time, 
(x,y,z) are the spacial coordinates and (K) is the diffusion coefficient. 
This equation was first postulated by Fourier at the beginning of the 
nineteenth century to explain the phenomenon of heat conduction. since 
Pick's generalization of this theory however, it has been used to 
describe such seemingly different physical phenomenon as the self-mixing 
of dissimilar solutions, the drying of porous solids and the consolidat-
31
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ion of soil under load.
The diffusion equation has most often been used to describe the 
phenomenon of heat conduction. Numerous eiqaeriments have been cond­
ucted to evaluate the diffusion coefficient for different materials 
subjected to different thermal gradients. However, oonsidereûoly less 
work has been done in the field of drying of porous mat^ials. But 
since this constitutes the basis of applying diffusion analogies to 
the drying shrinkage of concrete, a review of the work which hsus 
been done in this area will now be presented.
B) DIFFUSION THEORY AS APPLIED TO THE DRYING OF POROUS SOLIDS
Among the most classic papers on the application of diffusion 
theory to the drying of porous materials are those of Sherwood [Ref.50] 
and of Newman [Refs.51,52]. By assuming the diffusion coefficient (K) 
to be constant, they obtained the linear second order differential 
equation of the form:
 ^ [ 2]
'As a result of this simplifying assumption, an exact characteristic 
solution is possible. Methods of solving this equation will be disc- 
used at the end of this chapter.
Before a particular solution is possible however, initial and 
boundary conditions must be provided. These can vary, but generally
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take the form;
C = C when t = 0  ....BQ[3]
= 1“ = |~ = ^  [ C^~ C ] at exposed boundaries , .EQ[4]
^ = ^ = ^ = 0  at sealed boundaries ... .BQ[5]
vhere (f) is the surface factor and (C^ ) is the ultimate moisture loss 
fron the specimen at a given condition of ambience. Although solutions 
of this particular problem'are possible, in some cases they are need­
lessly overccmplicated. For slew-drying materials such as clay 
brick and concrete, Sherwood [Ref.50] and Carlson [Ref.53] assumed the 
parameter (^ ) to be infinite and thereby obtained the following init­
ial and boundary conditions:
C = when t = 0 in the interior BQ[3]
C = 0 when t = 0 at exposed surfaces ...EQ[6]
The solution of this type of boundary value problem is much easier to 
work with and has been found to give almost identical results to those 
obtained using the more ccnplicated boundary conditions for specimens 
of practical dimensions. A discussion of this simplification can be 
found in [Ref.54]. It should be noted that although an initial oond-
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ition must be provided before BQ.2 can have a particular solution, 
no final condition ( i.e. a condition of (C) at t = " ) needs to be 
given. This is due to the fact that the diffusion equation is of the 
'marching' type and therefore leads to an inevitable end condition.
O  METHCDS œ  SOIVTNG THE DIFFUSIŒ EQUATION
Because of the extensive use of the theory of diffusion to desc­
ribe a large number of physically different but mathcnatically anal­
ogous phenomenon, a number of solutions of the differential equation 
have been devised. Many offer particular advantages vhen applied to 
drying ÿhencmenoni, As a result, an attempt will nbw be made to 
describe the most common methods of solution and to present, at the 
end of this discussion, those vhich are best suited for use in desc­
ribing this phenomenon. Tb permit actual solutions to be given, the 
impending discussion will first be limited to slabs drying from one 
face and then will be expanded to include different shapes with a 
variety of boundary conditions. Moreover, since the solutions obtained 
by assuming the diffusion coefficient (K) to be constant can easily 
be adapted to cases where (K) is time dependent, only the former 
assunption will be considered.
1) SLABS DRYING FRCM Œ E  SIDE
Fig.12 shows a prism sealed on five sides and drying frcm the 
last side. The boundary conditions and the initial conditions are
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Fig.12- Typical slab specimen exposed to drying on one side.
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independent of the method of solution and take the form:
C = C wheno
C = 0 when t = 0 and [ y = b ]... EQ[8]
where the exposed surface is at [ y = b ] and the sealed surface is 
at [ y = 0 ].
(i) EXACT SOLUTION BY FOURIER SERIES: When it is assumed that the 
diffusion coefficient (K) is constant and that the diffusion takes 
place only in the positive (y) direction, the general equation BQ[1] 
becomes:
If =  BQ[9]
The characteristic solution of EQ[9] can be obtained by the method
of separation of variables. The particular solution of this second 
order linear differential equation is then obtained by expressing the 
conditions of EQ[7] and EQ[8] as an even (cosine) fourier series of 
period (4b) and by equating this fourier series to the characteristic 
solution of EQ[9] at time [ t = 0 ]. The particular solution of this 
problsn is then found to be:
c = T3nT:^lT ^
n=i
[-(2n - D^ Tf^ Kt] 
4b ^ cos
(2n -l)ny 
2b
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In terms of the fractional moisture loss [ 1 - U ], BQ[10] becomes.
n=i
where [ U = ].
In many cases, it is rather difficult to evaluate the fractional 
moisture loss as a function of the depth (y). As a result, most exp­
eriments involve determining the average moisture loss across the 
entire drying depth. The equation which relates the average concent­
ration loss to the drying time (t) is obtained by integrating BQ[11] 
with respect to (y) and dividing the integral by the depth (b).
1i.e. t 1 - U ) = gj [ 1 - u 1 dy  S3[12!
0
from which.
[2n - 1] exp< -- — k . .BQ[13]
n=i
where [ 1 - O ’ ] is the average moisture concentration loss as a function 
of tine.
The solutions cited above are exact fourier series solutions of
the diffusion equation for a slab drying from one face. The infinite
series which must be summed to give a numerical solution converge
Kiirapidly if the diraensionless parameter ( T = n- ) which is also referred 
to as the Fourier number, is large. For small values of (T) however.
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the evaluation of the series is tedious unless a computer is used. 
Further details concerning the solution of the aforementioned problem 
by means of fourier series may be found in [Refs.55,56].
(ii) EXACT SOLUTION BY LAPLACE TRANSFORMS: A number of charact­
eristics of the diffusion equation as presented in BQ[9] make it 
possible to solve this equation by means of the Laplace transform 
technique. Besides being a linear second order differential equation 
with constant coefficients, one of its independent variables (t) 
has the range of [ 0 to » ] and also has a specified initial condit­
ion. If the independent variables are redefined such that ( T = gr )
and ( Y = ^  ), then EQ[9] becomes:
.BQ[14]
Then, if the Laplace transform of (C) is defined as,
L (C(Y,T)} = W(Y,S) ...BQ[15]
and if both sides of EQ[14] are transformed, a second order, ordinary 
differential equation is obtained which has a well known character­
istic solution [Ref.57], If the transformed boundary conditions are 
then substituted into this ordinary differential equation, the part­
icular solution for (W) can readily be obtained. The particular solut­
ion of EQ[14] can then be determined by taking the inverse transform 
of the particular solution for (W). The ultimate solution of this
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equation is then:
(-1) <crfc
(2n + l)b - y
zVKt
+ erfc (2n + l)b + y)
2i^  ]
n=i
or in terms of the evaporable moisture concentration loss,
F(2n + l)b -n[ 1 - U ] = Y ) (-1) erfc
n=i
i
+ erfc (2n + l)b + y
One advantage of this type of solution is that the [erfc] functions 
can readily be found in statistical tables [Refs.58,59]. This series 
solution is also exact but it offers little advantage over the fourier 
series solution previously described. If the average evaporable 
moisture concentration loss [ 1 - U ] is required, the resultant 
integration further complicates the series and renders it impractical.
Although the solutions obtained by using the Laplace transform 
are cumbersome as presented, a much simpler solution can be obtained 
if the boundary condition at the sealed boundary is changed. As long 
as no moisture is lost at this boundary, the same solutions as given 
in EQ[16] and EQ[I7] can be obtained by assuming that the slab cont­
inues to negative infinity. Then, instead of the previously assumed 
boundary condition, the new boundary condition at [ y = 0 ] will be:
at .EQ[18]
This boundary condition will then lead to the solution:
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C = C - c (erfc O o
[b .BQ[19]
or in terms of the evaporable moisture concentration loss:
[ 1 - U ] = erfc [b - y]
l 2A/i?
,EQ(201
By integrating this equation over the range [0 ^ y  ^  b] and dividing 
by the depth (b), the average evaporable moisture concentration loss 
can be obtained.
[ 1 - Ü ] .BQ[21]
These equations are much simpler to evaluate than those obtained either 
by the fourier series or by the Laplace transform techniques previously 
described. However it must be noted that these equations give exact 
solutions only so long as the concentration at [y = b] remains (C^ ). 
After that, EQS.[19] through [21] will give numerical solutions which 
include an ever increasing error. Discussions on this type of solution 
can be found in Refs.54,60.
(iii) SCHMIDT FINITE-DIFFERENCE APPROXIMATION: A very simple means 
of estimating the moisture concentration {or moisture concentration 
loss) at intervals across the cross-section has been attributed to 
Schmidt [Ref.61]. Unlike most Finite-difference techniques, this method 
does not require the solution of a vast number of simultaneous equations 
but rather only the substitution of a few terras into a single equation
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and a tabulation of the results. If B0[14] is considered again:
SC _ 3'C mnriAl^  - gyT ....EQ114]
and if grid points are defined such that.
at m-i5Y, C = Cm-l (
)
môY, C = Cm ( when T = n5T
)
mtiôY, C = Cmti (
and when T = n+i6T, C = On (
■ T = n-16T, c c S  \
Then by applying Taylor's expansion Theorem, the following relat­
ionships may be obtained:
Cm+i = Cm + 6Y ^ (6Y} +(3Y)^  2 (JY
Cmri = Cm - ÔY ^ (6Y^  -
and Cm = Cm + 6T +OT)^
Then the following approximations can be obtained.
" (Cmti at (T)  EQ[22]
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and,
(3C)  ^(Qm - Cm) 
(3T)r" ÔT at (Y)  BQ[23]'m
By substituting these equations into BQ[14], the following express­
ion results:
+ 6tcm = Cm Cm+i — 20m + Cm—x .EQ[24]
For example then, if the intervals are chosen such that,
6t 1128 '
1 Am 1
and ÔY = ^  , then ^
and EQ[24] becomes,
On = y [ Cm+x + Cm-x ] .BQ[25]
Assuming that the initial conditions are ( C = 0 when Y = 1.0 ),
and ( C = when 0 ^  Y < 1.0 ) then the following table may be 
prepared:
t \ y 1.00 .875 .750 .625 .500 .375 .250 .125 ,000
0 .00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1/128 .00 .50 1.00 1.00 1.00 1.00 1.00 1.00 1.00
2/128 .00 .50 .75 1.00 1.00 1.00 1.00 1.00 1.00
3/128 .00 .38 .75 .86 1.00 1.00 1.00 1.00 1.00
4/128 .00 .38 .62 .86 .93 1.00 1.00 1.00 1.00
CONT'D.
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CONT'D.
T \^Y 1.00 .875 .750 .625 .500 .375 .250 .125 .000
5/128 .00 .31 .62 .78 .93 .97 1.00 1.00 1.00
6/128 .00 .31 .55 .78 .88 .97 .99 1.00 1.00
7/128 .00 .28 .55 .72 .88 .94 .99 1.00 1.00
8/128 .00 .28 .50 .72 .88 .94 .97 .99 1.00
9/128 .00 .25 .50 .67 .83 .90 .97 .99 .99
9/128 Calc. .00 .25 .50 .67 .83 .89 .96 .99 .99
It can be seen from this exercise that while the initial values 
of (C) are rather inaccurate due to the gross changes of the iterated 
quantity, once the full concentration profile is developed, the results 
compare favorably with the exact computer solution. The main advantage 
of this technique is its simplicity. In addition, the method is not 
subject to cumulative error if sufficient decimal places are carried 
[Ref.62]. If an accurate result is needed more quickly, it is advant­
ageous to obtain a starting point solution by means of the Laplace 
solution given by EQ[19]. One additional advantage of the Schmidt method 
is that it can be adapted to solve the nonlinear differential equat­
ion which results when the diffusion coefficient is concentration 
dependent. This adaptation is discussed by Crank in [Ref.61].
(iv) CRANK-NICOLSON FINITE-DIFFERENCE METHOD: A more accurate
finite-difference approximation than the method just described has 
been credited to Crank and Nicolson. Unlike the Schmidt method, this
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method is derived by evaluating the Taylor expansions at the time 
t T + “ ÔT ]. The resulting expression which is obtained by subst­
itution of the expanded terms into EQ[14] is then:
4- Am 4 -  4 -  4-
c& = cm + 273%): [(cm+i + cm+i) - 2(cm + cm) + (cm-i + cmn)] ..E0[26]
This equation is written for each grid point and the resulting sim­
ultaneous equations are then solved at every time (T + n+^T]. This 
method is very tedious even for the smallest grid and requires the 
use of a computer for most applications. However, if the differential 
equation is nonlinear due to a concentration dependent (K), this method 
is often adapted for use. Further discussions on this method may be 
found in [Ref.61].
2) SLABS DRYING FROM TMO SIDES
The solutions presented in the foregoing discussion were limited 
to the case of a slab drying from one face. However since a slab 
drying from two sides dries the same as two slabs drying from one 
side and joined at their sealed boundary, the solutions presented 
in the previous discussion will also be applicable to those presently 
under discussion if it is assumed that the depth of the slab drying 
from two sides is equal to (2b).
3) RECTANGULAR BEAMS DRYING FROM POUR SIDES
For beams drying from four sides, the general linear differential
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equation is:
a?" .BQ[27]
where the beam geometry is shown in Fig.13. In addition to the boun­
dary and initial conditions given in BQ[7] and EQ[8], the following 
will also apply for this case:
C = C when t = 0 and 0< x <a ...EQ[28]o
C = 0 when t = 0 and x = a . ...EQ[29]
Then it may be shown that if the solution for two slabs are:
C(x,t) = FUNCTION (A)
and
C(y,t) = FUNCTION(B)
Then for a beam of (2a,2b) cross-section drying from four sides:
C(x,y,t) = [ FUNCTiqN(A) ][ FUNCTION(B) ] ....EQ[30] 
and similarly,
[ 1 - U(x,y,t)] = 1 - FUNCTION (A) ] [ FUNCTION (B)] ..BQ[31]
Finally, if for two slabs:
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SEALED /rr ENDS
Fig.\3 - aypical beam specimen drying frctn four sides.
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and
[ 1 - U ] = [ 1 - function(A)]
[ 1 - U ] = [ 1 - function(B)]
then for a beam drying from four sides,
[ 1 - Ü ] = 1 - [ function(A)][ function(B)] ....EQ[32]
As a result of the foregoing, it is evident that solutions for beams 
can easily be obtained by superposition from the slab solutions. Any 
of the previously described methods for solving the slab problem can 
therefore be used to get a solution for beams.
4) CYLINDRICAL COLUMNS DRYING FROM THEIR CIRCUMFERENCE
For the problem at hand, the diffusion equation can be written in 
terms of cylindrical coordinates such that:
3C = K .BQ[33]
where (r) is the cylindrical radial coordinate. The boundary and 
initial conditions for this problem are:
C = when t = 0 and 0^ r <b ...EQ[34]
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and
C = o when t = 0 and r = b .... BQ[35]
The characteristic solution of this problem can be obtained by the 
method of separation of variables. If the initial and boundary cond­
itions are then expressed as a Fourier-Bessel expansion and subst­
ituted into the characteristic solution, the following particular 
solution is obtained:
Otoo
C - ... .EQI361
where, (Jo) is Bessel's function of zero order, (Ji) is Bessel's 
function of order one and (c%^) are the positive roots of (Jo). Simil­
arly,
[ 1 - U ] = 1 - 2  ^ exp[-Kta&/b2] ...BQ[37]
and
[ 1 - U ] = 1 - 4 ) expE-KtoZ/b*]  .... EQ[38]
«I
Because the roots of Bessel's functions are known and tabulated in 
many handbooks of mathenatical tables, the foregoing equations, while 
somewhat cumbersome, are no more difficult to evaluate than previously 
given fourier series solutions. The methods used to arrive at these
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
49
solutions are given in [Refs.62,52].
5) OTHER STRUCTURAL SHAPES
Because of the complicated nature of the diffusion equation, members 
having shapes other than those described, pose difficult problems. As a 
result, a few empirical formulae have been suggested to facilitate 
solutions of the diffusion equation. When only the average moisture 
concentration ( or concentration loss ) are of interest, it has been 
found that the volume to drying surface ratio ( or for two dimension­
al diffusion, the area to drying perimeter ratio ) is a reasonable 
parameter for comparing the rate of moisture loss from differently 
shaped members. This implies that if the moisture loss from an oddly 
shaped member ( such as an I-beam or a T-beam ) is of interest, it 
may be assumed with reasonable accuracy that a rectangular beam or 
cylinder having the same volume to drying surface ratio will act in 
the same way as the oddly shaped member. This type of approximation 
has been used by Hansen and Mattock [Ref.47].
The writer has found however that a better approximation can be 
obtained by averaging the (width) ^ and the (heighth)^  of the oddly 
shaped member and from these values obtaining an equivalent rectangular 
beam. This method will be discussed in a later chapter.
D) DISCUSSION AND SUMMARY OF ANALYTICAL TECHNIQUES
>* .
Because of the variety of techniques available for obtaining 
numerical solutions of the diffusion equation, an attempt will now
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be made to assess these and to present those which offer the most 
advantages. Because of the uncontrollable errors which are always 
present in the manufacture of concrete, it is not necessary to solve 
the equations to three decimal place accuracy. And any solution which 
provides an accuracy within a few per cent of tLe computer solution 
can be used with confidence. In this discussion, only the slab sol­
utions will be discussed since the solutions of imost other problems 
can be obtained from the slab solutions.
(i) MOISTURE CONTENT: As ^ mentioned previously, a good approx­
imation to the exact solution can be obtained by assuming that the 
sealed boundary extends to minus infinity so long as the moisture 
concentration at this boundary does not change from (C ). This
approximation is:
c = [ erfc ....BQ[19] for C(0,t) =
After the concentration at the sealed boundary begins to diminish, 
the Schmidt finite-difference approximation will provide acceptable ' 
results. If a more accurate solution is required however, the exact 
fourier series solution expressed by EQ[10] can be used.
(ii) MOISTURE CONCENTRATION LOSS: This parameter is also best 
evaluated by the approximations given above; namely,
[ 1 - U ] = erfc[.|^ ÿ ^ ]   EQ[20] for [ 1 - U ]
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After the concentration loss at the sealed boundary has developed, the 
Schmidt approximation can again be used. If a more accurate solution 
is required, the exact fourier series solution can be used as presented 
in EQ[11].
(iii) AVERAGE MOISTURE CONCENTRATION LOGS: This parameter is most 
easily determined by approximations. It has been found that the Laplace 
transform approximation.
will provide results which are accurate to better than 0.50 per cent 
over the range indicated. In addition, it has also been found that for 
the remaining range, only the first term of the fourier series solution 
BQ[13] needs to be considered. Then,
[ 1 - Ü ] = 1 - exp[^] ...BQ[39] for [ 1 - U ] > 0.55
and the error is again less than 0.50 per cent [Ref.60]. Because of' 
the high degree of accuracy provided by these approximations, it is 
unlikely that the exact solutions should ever have to be evaluated 
even in the most careful concrete studies. Since these approximations 
do not require the summation of series, they are particularly useful 
when it becomes necessary to evaluate the diffusion coefficient (K) 
from experimental drying studues. The only limitation of these methods
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arises when the diffusion coefficient is concentration dependent 
and the differential diffusdon equation becomes nonlinear.
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aiAPTER VI 
THE DRYING OF CCM 3!ETE
Although it is well recognized that the structural strength, creep 
and shrinkage of concrete are all influenced by natural drying, rel­
atively few comprehensive papers have been published cm the rate of 
drying of concrete. Most drying studies have been conducted for the 
purpose of obtaining desorption isotherms necessary in fundamental 
studies of cement paste structure. But these isotherms relate the 
equilibrium moisture contents cbtained by iterative slew drying to 
the equilibrium relative humidities. As a result, moisture loss as 
a function of drying time is seldcm reported. Ikwever, sirxze some 
work has been done in this field, an attempt will new be made to 
describe the difficulties which have been encountered in describing 
this phencmenon by diffusion mathematics.
Before considering peculiarities of moisture diffusion in conc­
rete however, some discussion is i^cessary on vAiat is meant by drying. 
It is generally felt that there are three different states of drying. 
When a saturated specimen is removed from water, all the surfaces 
will be coated with water. As long as this coating is continuous over 
the drying surfaces, the rate of drying will be constant under a 
particular condition of ambience. Then, as the coating becomes dis­
continuous, the rate of drying will develop a time dependence. After 
all the surface water has been removed and the rate of drying exceeds 
the rate at vhich the interior water can reach the surface, the water
will be forced to diffuse through the interior of the specimen to the
53
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surface vhere it can be removed by evaporation. As a result, only the 
last stage of drying can be considered to be a diffusion process.
Because of the changes which take place in the structure of concrete 
eis a function of the drying and of time, it has been suggested that 
these changes will promote complications in attempts to describe the 
drying of concrete by linear diffusion mathematics. Since these 
complications will manifest themselves principally in the assumed 
constants of the diffusicn equation, an attempt will new be made to 
review the findings of others and to discuss hew constant these 
assumed constants really are.
A) THE DIFETJSION COEFFICIENT (K)
To the knowledge of the writer, the only attempts to evaluate the 
moisture diffusion coefficient for concrete have been reported by 
Pihlajavaara [Refs.64.65,66,67] and Mills[Ref.68]. Frcm his experim­
ental results, Pihlajavaara concluded that the moisture diffusion 
coefficient is moisture content or moisture omcentration dependent 
and that it may be assumed to take the form:
K = Ke[ 1 - nU^ ]  .EQ[40]
where (n), (v) and (Ke) are assumed constants for a particular concrete.
He therefore published numerical solutions of the nonlinear differ­
ential equation for [v = 1] and [0£ n < 100] in [Ref.69], Solutions 
of this type of nonlinear differential equation are also given by
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Fig. 14 - Results obtained from mortar slabs drying frcm two sides 
fitted witli a theoretical curve. The relative humidities shown
represent the equilibrium humidities to which the slabs were dried 
frcm initial relative humidities Wiich were 15% higher.
(Pihlajavaara)[Ref.67]
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Fig.15 - Results obtained from mortar slabs drying from one side under 
the same conditions as those presented in the figure above fitted with 
the same theoretical curve.(Pihlajavaara)[Ref.67]
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Crank in [Ref.61). However, because of the complexity of this equat­
ion, some investigators have indicated a reluctance to attarpt to 
apply it [Ref.70].
Fortunately, there seems to be a much sinpler mathematical way 
of taking into account the variation of the moisture diffusion coef­
ficient. This can best be explained by considering Figs. 14 smd 15 
taken from Pihlajavaara [Ref.67). One set of points was obtained ky 
drying two specimens from 100 per cent relative humidity to 85 per 
cent relative humidity, the next set was obtained by drying the same 
specimens from 85 per cent relative humidity to 70 per cent relative 
humidity and so on. As a result, every set of points represents a 
unique range of moisture contents. Yet, despite this fact, all the 
points seem to fall on a singular curve. This suggests that the 
linear differential diffusion equation can be used to describe the 
moisture content of concrete.
Since the theoreticcd. curves shown in these figures do not fit 
the points exactly however, it may be assumed that the moisture diff- 
usion coefficient does vary. But since this variation does not appear 
to be caused by changes in the moisture content, it may be assumed 
to be a function of the fourier number (T), This assumption maintains 
the linearity of the differential equation and by redefining the time 
variable such that,
t
8 = jK(OdC ....BQ[41]
0
the general diffusion equation for slabs becomes,
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3C 3=0
3RT= 35^  BQ[42]
which may be solved by the methods described in Chapter V. Because 
of tbie limited experimental results which have been reported in this 
area however, further discussions on the variation of the moisture 
diffusion coefficient will be postponed until the author's results 
eure presented.
B) THE EFFECT CF SIAB MIDTH Œ  MOISTURE DIFFUSION
In the mathematical developments presented in Chapter V, it was
diown that the average moisture concentration in a drying specimen
Kt"is a unique function of the fourier number [T = grl. As a result, a 
plot of average moisture concentration (U) versus (gr) should result 
in a singular curve if (K) is ccxistant, regardless of the slab width. 
Figs. 16 and 17 show typical results obtained by Pihlajavaara [Ref.64] 
for mortar slabs of different widths dried naturally to 40 per cent 
and 70 per cent relative humidity. It can be seen from these curves 
that while there is scatter in the results at early ages, the effect 
of slab width is rather insignificant at later ages. Mills , in a 
recent publication [Ref.68] reported similar results performed on 
cement paste with rock-flour and blastfurnace additives. These are 
presented in Fig. 18. Again it can be noted tliat while there is con­
siderable scatter at early ages, the effect of size is diminished at
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Fig. 16 - The effect of slab width on the average moisture 
ccmcentration of slabs dried to 40% and 70% relative hum- 
idity. (Pihlajavaara)[Ref.64]
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Fig.17 - The effect of relative humidity on the average mois­
ture concentration of mortar slabs of different widths. 
(Pihlajavaara)[Ref.64]
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later ages.
An explanation of the scatter reported by both Pihlajavaara and 
Mills is rather difficult at this point. However, itimay be due to 
the manner in which the tests were started. As pointed out at the 
beginning of this chapter, only the final (diffusion) stage of drying 
is amenable to the mathematical laws of diffusion. Yet, the starting 
point of this stage is not easily established. The usual practice for 
starting a drying experiment of this type is to surface dry the spec­
imen by means of blotters, towels and/or exposure of the specimens to 
a moving stream of air. If these specimens are slightly overdried 
however, the amount of water lost by the smaller specimens will con­
stitute a larger percentage of the total evaporable water content 
than that lost by the larger specimens. As a result, an error may 
be introduced which is most pronounced at early ages(because of the 
logarithmic scale) in the smaller specimens. In addition, since most 
climate chambers require seme time to reach their intended relative 
humidities, a further error may be introduced. This error will also 
be more pronounced at early ages because of the logarithmic plot 
which over-accents the early ages.
Before leaving this subject however, a discussion of the phys­
ical significance of the parameter (b) seems to be in order. In stud­
ies of soil settlement, (b) has often been termed the maximum moisture 
drainage distance fron the most interior point of the mass to the 
drainage surface. In the field of concrete drying however, this def­
inition is scmevAiat inapprpriate. Because of the heterogeneous nature 
of concrete, the path taken by moisture in diffusing out of the conc­
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rete may be most irregular. However, the drainage path should still 
be]more or less a linear function of the specimen dimensions and 
therefore the drying of concrete should still be a unique function 
of the fourier number for a given concrete independent of specimen 
size.
C) THE ULTIMATE EVAPORABLE MOISTURE CONTENT (Oo)
The solutions of the diffusion equation presented in Chapter V 
were obtained by assuming the evaporable moisture content to be 
constant. As mentioned at the beginning of this chapter however, the 
evaporable moisture content in concrete will be reduced as hydration 
proceeds. This reduction has been termed 'autogenous dessication' 
and 'fixation drying'. Fig.19 shows how the evaporable moisture 
content changes in neat cement paste as a function of time. Mhile 
the reduction is quite pronounced at early ages, it gradually tends 
to stabilize. Thus, it may be expected that green concrete subjected 
to drying may not be readily described by the theoretical equations 
previously described. At later ages however, the theory should be 
more accurate. Pihlajavaara also pointed out that once the internal 
relative humidity of concrete drops below 80 per cent, the hydration 
virtually ceases [Ref.64]. This implies then that the evaporable 
moisture content is constant at internal relative humidities lower 
than 80 per cent and that the evaporable moisture content of a small 
specimen will be proportionately higher than that of a larger spec­
imen.
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Fig.19 - The reduction of total evaporable moisture 
content (Co) for different water-cement ratios as 
a function of time. Results were obtained frcm sam­
ples of cement paste. (Pihlajavaara)[Ref.64]
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D) THE EFFECTS OF GRAVITY ON MOISTURE DIFFUSION
Because water vapour is lighter than air, it has a tendency to 
prefer upward diffusion to downward diffusion. As a result, a slab 
drying from its upper face will dry more quickly than the same slab 
drying from its lower face. This is demonstrated in Fig.20. Fortunately, 
the effects of gravity are not excessive. However, if the results of 
several experiments are to be compared, it is important to know how 
the specimens were orientated. Theimoisture diffusion coefficient 
determined for a slab drying from its upper face may be higher than 
the coefficient determined from a slab of the same concrete drying 
from its lower face.
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a#fTER\%I 
THE PREDICTION OP DRYING SHRINKAGE
Although an abundance of research has been done on the shrinkage 
of cement paste, mortar and concrete, an accurate means of predicting 
this phenomenon has still not been devised. For the most part, emp­
irical relationships have been suggested for prediction. Unfortunately, 
while they may prove adequate in some applications, they do not prov­
ide accurate results over an extended range of concrete types or env­
ironmental conditions. As a result, their application is limited. The 
ideal method should provide an accurate means of predicting shrinkage 
as a function of time for cement paste, mortar and concrete, and should 
take into account such factors as specimen size and shape, different 
boundary conditions and different environmental conditions.
Jl) EPCPllMCAI, ZÜPiqRCDCIÏÜATIICXNS
The most popular empirical techniques for predicting shrinkage
are probably those suggested by Ross [Ref.45]. In 1937, Ross presented 
his first equation which he intended to be used in the prediction of 
concrete creep, but which has since been used by Hansen and Mattock 
[Ref.47] and others to predict the shrinkage of concrete. This is a 
hyperbolic equation which takes the form:
....BQ[43]N s - t
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iwhwsre (13) is» tdie siyciunkzige Erktain, (S%c) is tJie sturinkzage sibrain cdb 
tjine iTLfinitrf, (t:) :Ls thus ckcyiLnçf t:Ln*» cuid (Bks) is tiie Ibijne «it wtiicdi 
tiws sdnrirdtacpe zstrain hxscKxneis (sqiial tK) iwalf ilbs ludJkimata: \faJbie for <i 
ipeurtiuzulsu: sfpexzijnen. TdhdLle i/k is igiiit%2 iposisilila t%) jzii: (scpMsriumEgitzil 
(iadza iwith tiiis; eKgLKitdLcKi cws sshown iji irigr.ZfL, it: i:: <i]LffjLc%ilt: t%) isiRil-- 
uate the constantis (Sœ) and (Ns) since they are functions of the 
specimen size and the concrete conposition. As a result, the following 
additd.onal ]ceiLat:icKislilpw3 twave» kxasKi ERigcpesMbecl tx) t%akaa into swzcourrk 
the specimen size and the boundary conditions:
S* = exp[-VV/Aj ......EQ[44]
Ns = exp[YV/A] .....BQ[45]
where (w) and (y) are constants for a particular concrete and (V/A) is 
the volume to drying surface area ratio [Ref.31]. Fig.22 shows results 
obtained by Hansen and Mattock for concretes dried at 50 per cent rel-
ative humidity and 70°F for concretes made with sandstone and Elgin 
gravel [Ref.47]. It can be seen frcm this figure that the constants can 
vary considerably for different concretes.
Another arpirical approximation formula was suggested by Ross in 
1943 [Ref.45], This relationship was obtained by assuming that concrete 
may be assumed to act as a rheological model consisting of three elarr- 
ents. The first element was a spring and it was connected in series to 
a parallel arrangement of a second spring and a dashpot. By further 
assuming that the shrinkage behaviour of concrete would be the same as
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the behaviour of the rheological model under stress, he obtained the 
following equation:
S = 0[ 1 - exp(-yt/T) ....BQ[46]
where (fQ, (y) and (?) are constants for a particular specimen. However, 
this equation does not take into account either the specimen size or 
the environmental conditions.
A more recent equation similar to the one above was proposed by 
Wallo and Kesler [Ref.71]. This takes the form:
S = S*( 1 - exp[-mt^^) ___EQ[47]
in which,
m = X[A/V] ....EQ[48]
where (y) and (X) are assumed to be constants and [A/V] is the inverse 
volume to drying surface area ratio. While these formulae do fit the data 
well in some cases as shown if Fig.23, they can also lead to inaccurate 
predictions such as shown in Fig.24. Unfortunately, the assumed const­
ants are not constants but rather a function of the mix proportions of 
the concrete under consideration.
In December 1969, Fintel and Khan suggested a sirpler graphical 
method for the prediction of shrinkage. Based upon the recommendations 
for an international code of practice for reinforced concrete by the 
Comite Européen du Béton of Paris in 1964, they suggested that the average 
curve of shrinkage versus time shown in Fig.25 could be used to estimate
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the shrinkage at any time from the given ultimate shrinkage. Unfortunately 
this method completely ignores the effects of specimen size and shape 
and can give results which differ considerably from experimental results 
such as shown in Fig.26.[Ref.75]
B) DIFFUSION ANADOGIES
Tb the knowledge of the writer, only three attempts have been made 
to describe shrinkage by diffusion analogies. The method itself was 
first suggested by Carlson in 1937.[Ref.53] Based upon findings that 
for well cured concrete, the shrinkage is approximately proportional 
to the moisture loss, Carlson assumed that both the moisture loss and 
drying shrinkage of concrete could be described by mathematical diff­
usion theory.
In order to check his theory, Carlson performed tests on a few
specimens and obtained the results shown in Figs.27 ard 28. Frcm the 
first figure, Carlson concluded that the diffusion constant is not 
constant but rather some function of the concentration or of time. In 
the other figure, he calculated the moisture loss and conpared it to
the shrinkage profile developed in two concrete specimens. Based upon 
these comparisons, Carlson concluded that,"IVhatever the conditions, the 
application of diffusion principles permits at least a rough estimate 
to be made of the shrinkage likely to occur."[Ref,72]. To the knowledge 
of the author, he was not sufficiently encouraged by this method to 
persue his studies of it.
In 1946, Gerald Pickett on his attempts to use the method sugg-
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ested by Carlson to study the shrinkage stresses developed in conc­
rete. [Ref.54] His report consisted of mathematical derivations for 
shrinkage stresses developed in slabs and beams and an attempt to 
fit this theory to the experimental results he obtained from tests 
performed on mortar specimens. In his mathematical formulations, he 
assumed that the shrinkage diffusion coefficient was a constant for 
a given specimen. In addition he assumed that the boundary condition 
at the drying surfaces is:
Sœ - S ] at exposed boundaries ..BQ[49]
which is equivalent to the boundary condition expressed by EQ[4] which 
was discussed in Chapter V. As a result of these assumptions he was 
able to obtain solutions for the shrinkage stresses. One such solution 
for the case when [fb/K] equals 5.0 is presented in Fig.29. It can 
be seen from this figure that very high shrinkage stresses may develop 
at the drying surfaces. This is due to the fact that the surfaces dry 
very quickly and attempt to shrink, while the concrete in the interior 
of the specimen dries more slowly and therefore resists the shrinkage 
of the surfaces. At later ages, the stresses are gradually reduced. It 
should be noted however, that while the solutions of Pickett provide 
an insight into the manner in which the stresses are developed, they 
are somewhat limited because they fail to take into account the effects 
of creep vhich results because of the stress gradients.
In addition to developing equations for the shrinkage stresses,
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Pickett also gave solutions for the theoretical shrinkage streiins and 
warping deflections in slabs and beams. These equations were derived by 
assuming that fractional moisture loss and fractional shrinkage 
develop in the same way such that:
^  [ 1 - U ]  BQ[50]
Indirectly this implies that the shrinkage is a linear function of 
the moisture loss.
In order to test his theoretical formulations, Pickett performed 
tests on speciiT^s of neat cement paste with a rock-flour additive.
Fig.30 shews a plot of average shrinkage versus time for a number 
of specimens subjected to drying in an atmosphere of 50 per cent rel­
ative humidity and 70"F. The constants (S»), (K) and (f) which were 
.used to calculate the theoretical curves were obtained frcm the 2 inch 
square beams drying from four sides. It is interesting to note that 
vhile these constants were obtained frcm a beam drying frcm four sides, 
they provide good results when used in the theoretical equations for 
slabs drying from two sides and for slabs drying from one side. However, 
it may also be noted that the larger specimens are not fitted as well 
as the smaller specimens from which the constants were evaluated.
As mentioned earlier in this discussion, Pickett also derived 
expressions for the deflections of beams caused by unsymmetrical 
drying. Fig.31 shews a oonpariscxi of shrinkage and warping results 
for a cement and silica-flour pais te. While the shrinkage results 
shewn in the top grap^ are closely fitted by the theoretical curves.
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the warping results are not. A better fit can be obtained by choosing 
different constants but choice cannot be justified theoretically. The 
failure of the theoiry to describe adequately the warping of beams sub­
jected to unsyirmetrical drying may well be due to the fact that the 
theory suggested by Pickett fails to take into ciccount the effects of 
creep vhich tends to reduce the stresses and causes a decrease in the 
warping and the warping rate.
As a result of his studies, Pickett suggested that perhaps the 
diffusion coefficient is not a Constant but rather a function of the 
shrinkage. To maintain the linearity of the differential equation 
hcwever, he assumed that (K) was a function of time. By introd­
ucing different functions into the equation, he found that for his 
results, better theoretical agreement with the experimental results 
could be obtained by assuming that.
K =0.101/2^-5  % [51]
and furthermore that,
f = 1.67 [K]............. BQ[52]
These assumptions have the effect of reducing the shrinkage rate at 
later ages.
In conclusion, Pickett stated that the theoretical solutions could 
be brought into good agreement with his experimental results if the 
proper constants were chosen. However he felt that the theory should 
be modified to permit the supposed constants to vary with the shrinkage
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and the size of specimen. In addition, he stated that the effect of 
different boundary conditicms and different specimen sizes could be 
predicted with fair accuracy if the difference in specimen size was 
not too great.
In 1.958, Rostasy presented a more ccn^lete look at the development 
of shrinkage stresses in concrete [Ref.73]. He repeated the theoretical 
work presented by Pickett in 1946 but used Jacobi's theta functions 
rather than fourier series to obtain solutions of the diffusion eq­
uation. He also extended Pickett's work by presenting solutions for 
the stresses develc^ aed in cylinders. In aldition, he conducted lim­
ited experiments to investigate further the applicability of diff­
usion mathematics to predict the shrinkage behaviour of mortar prisms.
On the basis of the results he obtained for the unrestrained 
shrinkage of 10x10x53 cm. beams drying frcm their sides, he suggested 
that shrinkage could be described by diffusion analogies. Fig.32 shows 
a ocmparison of his experimental results with the theoretical curves. 
Although it can be seen frcm this figure that the diffusion coefficient 
does vary, he assumed it to be a constant in his theoretical program.
Unlike Pickett, yAo used experimental shrinkage warping results 
to test his theoretical approach, Rostasy relied more upon exper- 
imentally determined reductions in the modulus of rupture caused 
by differential shrinkage stresses. An example of this reduction can 
be found in Fig.33. It is quite evident that the surface stresses 
caused by shrinkage can effectively reduce the flexural strength of 
concrete at early ages. At later ages, the high surface stresses are 
reduced by the influence of creep.
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Recently, an attempt to account for the creep which accompanies 
differential shrinkage stresses has been reported by Kawamura [Ref.74]. 
By assuming that concrete acts as a linear viscoelastic model, he was 
able to derive expressions for the reduction in shrinkage stresses due 
to creep. These formulae were developed for a four element rheological 
model. Unfortunately, these formulae have as yet not been tried.
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CHAPTER VIII 
EXPEnUMEfTIAL PROGRAMME
In the earlier chapters of this dissertation it was shown that 
the shrinkage of concrete is indeed a very complex phenomenon. At 
present, there is no theoretical method for predicting concrete shrin­
kage and the enpirical methods which are generally used suffer from a 
number of disadvantages. The purpose of this dissertation is therefore 
to evaluate the theoretical method suggested by Carlson [Ref.53] in 
the hope that tliis method will provide a more accurate means of pred­
icting the shrinkage of concrete. In more specific terms, this eval- 
uation entails the following:
1. To determine if the drying and the shrinkage of concrete 
can be described by mathematical diffusion analogies.
2. To determine if this method will adequately take into 
account the effects of specimen size.
3. To determine how the accuracy of this method is influenced 
by different ambient relative humidities.
4. To determine how the moisture loss and the shrinkage 
development of concrete are related.
5. To determine how the moisture diffusion and shrinkage 
diffusion coefficients vary as a function of the independent or dep- 
eMent variables.
6. To determine the limitations of predicting the shrinkage 
of concrete by mathematical diffusion analogies.
82
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A) EXPERIMENTAL PROGRAMME VARIABLES
s^ingle factor .most responsible for the inability of previous 
investigators in this field to evaluate the general applicability of 
diffusion theory in describing concrete phenomenon has been the lack 
of conprehensive experimental results. Although experimental shrinkage 
results are included in many technical pepers, these results are too 
limited in scope to permit a complété apprsdsal. As a result, this 
experimental programme was designed to give full field information 
over a complete range of relative humidities, specim^ sizes and moist 
curing periods. This was done in the hope that emy trends or discont­
inuities in the results wot%ld be discovered. For the most part, the 
e)q)erimental programme can be considered to consist of two separate 
investigations.
1) mTER LOSS VERSUS SHRINKAGE
The first investigation was designed to establish the relationship
between the moisture loss and the shrinkage of concrete. The variables
which were included in this programme are the following:
1. Cement  .............Type I and Type III.
2. Length of moist curing .....1,3 and 7 days.
3. Concrete specimens............Slabs,2,4 and 6 inches wide.
4. Relative humidities.... ..... 7%,32%,54% and 76%.
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2) THE EFFECTS OF SPECIMEN SIZE ON SHRINKAGE
The secxand investigation was designed to establish the effects of 
specimen size on the shrinkage of concrete dried in différait ambient 
relative humidities. The variables which were included in this progr­
amme are the follcwing:
1. Cement.  ....................... Type I and Type III.
2. Length of moist curing.......... ...1,3 and 7 days.
3. Concrete specimens............... Slabs drying frcm
two sides having widths of 2,4,6,8,12,16 and 20 inches. Beams drying 
from four sides having a height of 2 inches and widths of 2,4,6,8 and 
12 inches.
4. Relative humidities........ .......7%,32%,54% and 76%.
B) CONCRETE MATERIALS
1) CEMENT
Because of their extensive use in practice, both Type I ordinary 
and Type III high early Portland cementzs were used in these investigat­
ions. These cements were specifically, Lake Ontario Ordinary and Canada 
High Early cement. To avoid the unnecessary errors which might have been 
irojrrod by inconsistencies in plant production, both cerents were thor­
oughly blended before being used. This blending was accomplished by 
placing seven sacks (87.5 lbs) of cement around a large barrel and then
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scooping small amounts from each bag consecutively and placing the 
scooped amounts into the barrel. After each revolution, the contents 
within the barrel were mixed to further assure a homogeneous product. 
Typical chemical and physical analyses of these cements are presented 
in Appendix A, at the end of this dissertation.
2) CONCRETE SAND
The sand used in this investigation was a well graded concrete sand 
obtained from Paris, Ontario. Typical properties of Paris sand are 
given in Table 2A in Appendix A. This sand met ASTM specification 
C33-64 and results of sieve analysis examinations are presented in 
Fig.lA in Appendix A. Before being used, the sand was oven dried at 
105*C for 24 hours and then placed in sealed barrels to cool. This 
was done to maintain a constant water content in the batched concrete.
3) COARSE AGGREGATE
The coarse aggregate used in the concrete was a locally obtained 
crushed limestone. The maximum size of aggregate was 3/4 inch and the 
sieve analysis results are presented in Fig.lA in Appendix A. The coarse 
aggregate also met ASTM specification C33-64 and like the sand was oven 
dried for 24 hours at 105®C before being used.
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C) SHRINKAGE AND MOISTURE lOSS SPECIMENS
As mentioned earlier, one of the purposes of this investigation 
was to establish the influence of specimen size on the moisture loss 
and the shrinkage of concrete. As a result, a number of different 
sized specimens were cast. Fig.34 shows the specimens which were 
used in the program to relate the moisture loss and the shrinkage of 
concrete. Similarly, Fig.35 shows the specimens which were used in 
the investigation of the effects of specimen size on the shrinkage 
development of concrete.
Included in thèse figures are the locations of the gage points 
which were used to secure shrinkage measurements. The actual gage 
points consisted of hexagonal brass studs which were threaded onto 
screw stock cast into the ends of the specimens. Washers were used 
to separate the studs from the concrete. More details of the use of 
these gage points will be given in subsequent sections of this chap­
ter.
D) EXPERIMENTAL PROCEDURES
1) MIX PROPORTIONS
With a view to wiiat is generally used in practice, half of all the 
specimens cast were made with Type I normal Portland cement while the 
other half were rrade with Type III high early cement. The mix design
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used for the investigation to establish the relationship between the 
moisture loss and the shrinkage of concrete was slightly different from 
that used in the investigation to establish the effects of specimen 
size on the shrinkage of concrete. Both mix designs are presented in 
Table IB in Appendix B. All the concretes made made in connection with 
these investigations were manually batched and mixed in a drum mixer 
with a rated capacity of 2.0 cubic feet. The mixing order which gave 
the best results consisted of adding the water to the premoistened 
drum: adding approximately half the cement and several scoops full of 
coarse aggregate: adding the remaining cement: and then adding the 
remaining coarse aggregate and the sand. After all the ingredients had 
been added, the mixing was permitted to continue for five minutes. Tb 
ensure that the correct amounts of batched quantities had been added, 
slump tests were taken immediately after the mixing was complete. Those 
mixes which showed a variation in slump of more than 2 inches from the 
design slump were rejected ( this actually occurred twice ). As an 
additional check on the batching and the curing, 3 by 6 inch compress- 
ion cylinders were ■ cast from each batch. At least two such cylin­
ders were cast from each batch and occasionally more were cast to enable 
the strength versus the age to be plotted. The results of these cotp- 
ression tests are presented in Fig.IB in Appendix B. In no case was the 
compressive strength found to deviate sufficiently to warrant the reject­
ion of either the compression test results or tiie shrinkage or moisture 
loss specimens vhich were cast from the same batch. It should also be 
noted that the strengths shown in the figure represent the average of 
the strengths obtained from six cylinders. All these cylinders were
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continually moist cured until two hours prior to being capped with 
high strength (10,000psi) sulfur capping compound and tested. As a 
result, the cylinders were only surface dry when tested.
2) MANUFACTURE OF SPECIMENS
Because of the large number of different sized members used in the 
program, wooden gang forms were used. These were two inches high, either 
6 or 12 inches long and approximately 24 inches wide» Holes were drilled 
through the end panels wherever the gage points were to be attached. TO 
prevent loss of moisture to the plywood forms, each farmiMas loaqpl- 
etely lined Twith uncut 6 mil polyethylene. This provided an excellent 
iwater seal. And although the forms were reused several times, the pol­
yethylene was replaced after each set of specimens iwas removed from the 
forms. To insure that no water was lost from around the gage points, a 
washer was inserted between the restraining nut cast in the concrete 
and the plastic liner. This washer was tightened by means of a brass 
insert attached to the screw stock and tightened against the exterior 
face of the form.
During the casting operation, the concrete was tanped into the comers 
of the forms and around the screw stock inserts. After the forms had 
been filled, they were placed on a vibrating table and vibrated for three 
minutes at 10,000 cpm. The compression cylinders were also subjected 
to this treatment. In an attenpt to avoid bleeding caused by working the 
surface, the specimens were not trowelled. This was deemed unnecessary 
because the surfaces were levelled by the force of the vibrations.
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3) CURING PROCEDURES
Immediately after the specimens were vibrated they were placed in 
a specially constructed fog room maintained at 74°F (±4*Fj and about 
100 per cent relative humidity. The fog was forced through very fine 
nozzles by an air pressure of about 14 psi. To avoid the possibility 
of water collecting on the surface of the specimens, polyethylene 
Shields were draped over the forms. All the specimens used in this 
investigation were cured in this fashion for the 24 hours (±2 hrs.) 
immediately following casting.
Upon being removed from the curing chamber, all the specimens were 
stripped of their forms. Those specimens slated for 1 day of moist 
curing were then removed and taken to another laboratory where they 
were sealed. The 3 day and 7 day moist cured specimens were immediately 
immersed in a water curing bath for the remainder of their curing 
periods. This bath was also maintained at 74°F (±4®F) by the controll­
ing laboratory temperature. To prevent the screw stock inserts from 
corroding, a light coating of machine oil was applied and the brass 
studs were threaded onto the inserts.
4) SEALING
All the shrinkage and moisture loss specimens were sealed on their 
ends. In addition, the slab specimens were sealed on the top and
bottom. This sealing was accomplished by means of a carmercial asphaltic
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Upon being removed from their moist curing, the specimens were 
surface dried with paper towelling and the brass studs were removed. 
Immediately thereafter, the sides which were to be sealed were coated 
with the asphaltic sealer. While still wet, this coating was covered 
with a precut strip of 2 mil polyethylene. To ensure that there were 
no holes in this sheeting, it too was coated with asphaltic sealer. 
Finally, this last coating was covered with a sheet of 6 mil poly­
ethylene which was slightly oversized. The overhanging edges of this 
last sheeting then curled over the edges of the concrete specimens 
and held there by means of elastic bands. Wherever the sheeting came 
tea screw insert, holes were punctured to permit the inserts to 
protrude. Before the specimens were placed into their respective 
relative humidity chamber, the external overlapping edge of the plastic 
was sealed with masking tape.
5) STORAGE
After the specimens were sealed, they were quickly placed into the 
prefer preconditioned relative humidity chambers. The room temperature 
of the laboratory in vhich these chambers were kept was maintained at 
74°F (±4®F) throughout the duration of the experiments. The chambers 
themselves consisted of fabricated plywood boxes which had a top and 
bottom and ends but no sides. Racks were built into these chambers to 
enable the specimens to be placed on several tiers. These chambers 
were either 8 feet or 4 feet in length, 1 foot wide and either 14 or
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16 inches high. The chambers with the smaller dimensions were used to 
house the specimens used to relate the moisture loss and the shrinkage
of concrete.
When placed into the chambers, the specimens were stored a minimr 
urn of 2 inches apart. To eliminate the effects of gravity on drying, 
the specimens were placed into the chambers so that the drying took 
place horizontally rather than vertically. As mentioned earlier, the 
relative humidity chambers did not have a wooden front or back. Instead, 
6 mil polyethylene was used to seal the chambers. This permitted the 
specimens to be viewed while the tests were in progress.
To avoid having to remove the specimens from the chambers when 
length change measurements were taken, holes were punctured through 
the polyethylene sides of the chambers to permit the screw inserts 
to protrude. Washers placed on either side of the polyethylene ens- 
. ured a good seal at these holes. Finally, the brass studs were tightened 
onto the srew inserts from outside the chambers.
The smaller chambers which housed the specimens for the moisture 
loss and shrinkage studies, had small windows cut into the plastic 
through which the moisture loss specimens were passed vhen weight 
loss readings needed to be taken. These windows were sealed with 
pressure tape when not in use.
The relative humidities in these chambers were maintained by means 
of saturated salt solutions. These were kept in pyrex glass pans which 
covered the bottom of the chambers. The actual solutions were prepared 
about one week prior to being needed. The salt solutions used in this 
investigation along with their corresponding relative humidities are
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given below:
sodium hydroxide..... 7% R.H.
calcium chloride..... 32% R.H.
magnesium nitrate.... 54% R.H.
sodium chloride...... 76% R.H.
In all, twelve relative humidity chambers were used to house the 
specimens used in the studies. TO encourage the relative humidities 
in the chambers to reach equilibrium, they were preconditioned and 
a slight vacuum was introduced into the chambers at the beginning 
of the tests. A typical chamber with shrinkage specimens is shown 
in Fig.36.
6) MEASURING TECHNIQUES
The most frequently taken readings were of length change or of 
weight loss. The apparatus used to weigh the moisture loss specimens 
was an August Sauter Ebinger balance. It had a rated capacity of 2 kg. 
and a rated accuracy of (±0.10 gram). This scale is shown in Fig.37.
The extensometer used to measure length changes was specially 
constructed for this task. It had a span of 13 inches and a leg length 
of 14 inches. The frame was constructed of 2 by 2 by 1/4 inch alum­
inum T-section as shewn in Fig.37. The dimensions of the extensometer 
frame were governed by the size of the relative humidity chambers.
When a reading was taken, the extensometer straddled the chamber and 
seated on the protruding gage points. Fig 38 shows how this seating
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"  ■  .....
Pig,36 - A picture shewing a typical relative humidity 
chamber.
1/
I:
' f  r
Fig.37 - A picture showing the weight balance and the 
extensometer used to measure weight loss and length 
changes.
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was accomplished. The left leg of the extensometer seated in the 
groove of the brass inserts. Because the steel seating probe attached 
to tliis leg was tapered, aggravated wear of the groove would be more 
inclined to cause a vertical displacement of the probe rather than 
an undesireable horizontal displacement.
The right leg seated directly on the brass insert. A dial gage 
with a travel of 1 inch and an accuracy of 10  ^inches was fitted 
to this leg and was able to bear directly against the end of the 
brass stud. The dial probe was manually retracted while the exten­
someter was being seated and then was allowed to travel to the end 
of the brass stud by the tension of the spring in the dial gage.
This demountable gage was light and easy to use. To avoid drift 
due to temperature changes or other effects, the extensometer was 
frequently calibrated to a reference bar of invar. TO check the 
, operation of the dial gage itself, a reading was taken against a 
second invar bar which was approximately 1/4 inch longer than the first. 
The differences in the lengths of these bars was constant and therefore 
permitted the operator to check the accuracy of the dial gage as a 
function of time.
While readings were being taken, an insulated glove was worn to 
eliminate temperature changes vdiich might have resulted because of 
the handling of the frame. By taking a number of readings with the 
extensometer against one of the invar bars, an estimate of the seat­
ing error of the gage was obtained. This error was found to be about 
3 X 10"^ inches which represents a shrinkage strain of 25 millionths 
as measured over the 12 inch specimen length. In an attempt to min-
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imize this error, each reading was taken three times and the average 
was recorded.
In addition to the weight loss and shrinkage measurements, relative 
humidity readings were also taken periodically inside the chambers. This 
was accomplished by means of a number of hygrometers small enough to 
be placed inside the chambers. These hygrometers were manufactured by 
Westclox and had a rated accuracy of (±5%). The relative inaccuracy of 
these gages was tolerated because they were not used as a basis for 
adjusting the relative humidity but rather only to indicate when the 
ambient relative humidities had been reached.
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CHAPTER IX 
DISCUSSION OF RESULTS
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Before the experimental results are presented, some discussion 
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following mathematical assumption will be made:
[ 1 - Û ] = [ S/S. ] = [ Sa/S. ] ....EQ[53]
'Where (S) is the shrinkage as a function of timeineasured at any fix­
ed location of (y/b) regardless of specimen size and (Sa) is the av­
erage shrinkage across the depth (b) of the slab. This mathematical 
assumption is based upon the assumption that the moisture loss can 
be described by diffusion theory and that the shrinkage is a linear 
function of the moisture concentration loss.
If it is further assurred that the moisture loss and shrinkage 
diffusion coefficients are constant, solutions can be obtained for 
the fractional shrinkage as a function of the fourier number (T = Kt/b‘ .: 
or as a function of the fourier number to an arbitrary scale (t/b^]. 
Typical solutions for slabs and cylinders are presented in Fig.39 and 
Fig.40. Because of the almost identical solutions which are obtained 
for cylinders drying from their circumference and square beams drying 
from four sides, the graphical solutions which are given for the drying 
cylinders may also be used for square beams. It can be seen from those
99
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Theoretical solutions of the linear differential diffusion 
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Fig.40 - Theoretical solutions of the linear differential diffusion 
equation for cylinders of radius (b) drying from their circumference. 
These solutions may also be used for square beams drying from four 
sides and having dimensions (2b by 2b). ^
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figures that vhen the diffusion coefficient is constant, it does not 
govern the shape of the diffusion curve but only its location with 
respect to the fourier number to an arbitrary scale, A decrease in 
the diffusion coefficient causes the curve to shift to the right and 
an increase causes the curve to shift to the left. These curves will 
be used in the sections of this chapter which follow to fit the 
experimental data.
B) RELATIONSHIP BETWEEN [ 1 - Û ] AND [ Sa/Sult ]
As mentioned in the last section, EQ[53] assumes that a linear 
relationship exists between the imoisture concentration loss and the 
average fractional shrinkage. In order to establish the validity of 
this assumption a large number of specimens (144) were cast as des­
cribed in Chapter VIII and subjected to different conditions of re- 
lative humidity. Half of these specimens were made with a concrete 
using Type I cement and the other half using Type III cement. In 
addition, one third of all the specimens were moist cured for 1 day, 
one third for 3 days and one third for 7 days. The results of this 
investigation are presented in Table 1C in Appendix C. The fractional 
shrinkage results presented in this table were calculated by assuming 
that the ultimate shrinkage of the specimens is independent of spec­
imen size and that this value could be assumed to equal the slirinkage 
of the 2 inch slab specimens at a drying age of approximately 160 days. 
Similarly, the average moisture concentration loss results were calc­
ulated by assuming that the moisture loss expressed as a percent of the
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initial wet weight of the specimens is indeperxient of the specimen size 
and equal to the percentage weight loss of the 2 inch specimens at a 
drying age of approximately 160 dcys. The preceeding assumptions neglect 
the effects of fixation drying, carbonation and creep.
From Table I it may be seen that both the ultimate shrinkage and 
the ultimate moisture loss can vary considerably with the ambient rel­
ative humidity. In addition, it is interesting to note that in many 
cases, the ultimate moisture loss and the ultimate shrinkage strain 
experienced by the 7day moist cured specimens exceed those experienced 
by the 3 day and 1 day moist cured specimens. This may well be due 
to the nature of the moist curing. Since it is prdoable that the rel­
ative humidity in the fog room was slightly less than 100 per cent, 
the specimens may have Ic^t some water during their first 24 hours in 
the fog room. This water could have been replenished in the 7 day and 
. the 3 day moist cured specimens because these specimens were immersed 
in water for the remainder of their curing periods. However, the 1 day 
moist cured specimens were sealed immediately after they were removed 
from the fog room and placed in the relative humidity chambers. In 
addition, the specimens which were moist cured the longest would also 
have the best chance to fill the capillary cavities which lost water 
due to the migration of water from the capillaries to the reaction 
sites.
Plots of average moisture concentration loss versus average shrinkage 
are presented in Figs.41 through 52. It is interesting to note that despite 
the scatter of points in seme cases, most of the data plots in a char­
acteristic manner. Near the origin of these curves, a relatively large
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TABLE I
ULTIMATE MOISTURE LC^ DATA FGR 
THE RESULTS PRESENTED IN APPENDIX C
REIATIVE
HUMIDITY
TYPE I CEMENT TYPE III CEMENT
1 day 3 day 7 day 1 day 3 day 7 day
7% 3.94* 3.74 3.76 3.82 3.43 3.43
32% 3.85 3.52 3.77 3.46 3.35 3.30
54% 3.76 3.53 3.24 3.01 2.85 3.16
76% 2.70 2.41 2.62 1.79 1.99 1.93
* Moisture loss is esqaressed as the percentage of weight 
loss in terms of the total weight of the wet concrete 
before drying.
TABLE II 
ULTIMATE SHRINKAGE DATA 
FOR TEE RESULTS PRESENIED IN APPENDIX C
RELATIVE
HUMIDITY
TYPE I CEMENT TYPE III CEMENT
1 day 3 day 7 day 1 day 3 day 7 day
7% 608* 608 600 558 534 575
32% 483 575 525 583 508 516
54% 500 500 508 433 425 458
76% 434 458 450 483 500 458
* Shrinkage is expressed as a linear strain in millionths.
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moisture œncentration loss results in only a small amount of shrinkage. 
As more moisture is lost however, the curves beccms steeper and can be 
approximated reasonably well by a straight line. The slope of this line 
is relatively unaffected by the length of moist curing of the specimens 
and by the cement type. In addition, the relative humidity does not 
appear to affect the slope of the linear portion of the curve by an 
appreciable amount. Most of the scatter in these plots seems to be 
caused by the effects of specimen size. Yet this scatter lacks a def­
inite pattern emd is therefore most p%r(Æ)ably due to the seating error 
of the measuring device.
Although the foregoing figures do indicate that a reasonably linear 
relationship does exist between the average moisture concentration loss 
and the average shrinkage, more information can be gained by plotting 
these parameters against the fourier number to sm arbitrary scale. This 
type of plot is presented in Figs.53 thr^igh 76. In each of these figures, 
the top plot is of average moisture concentration loss versus (t/b^ ) 
and the bottcm plot is of fractional average shrinkage versus (t/b^).
The code to these plots is presented in the inside upper lefthand 
comer of each grapA. For example, SERIES I-3d-54% means that the 
specimens were made with Type I cement, moist cured for 3 days and 
then subjected to 54 per cent relative humidity. In addition, the (K) 
value given under the code represents the value of the diffusion coeff- 
icient ( in units of in.V day ) used to calculate the theoretical 
curves vhich were fitted to the experimental points.
A number of observations can be made frcm these plots. The most 
obvious of these is that there is considerably less scatter in the
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average moisture concentration plots than in the average shrinkage 
plots. In addition, the results obtained from the 7 day and 3 day 
moist cured specimens are less scattered than the results obtained 
from the 1 day moist cured specimens. The theoretical curves shown 
in these figures fit the average shrinkage results considerably better 
than the average moisture concentration loss points. The worst corr­
elation between the theoretical curves and the experimental points 
seems to prevail in the results obtained from the 1 day moist cured 
specimens.
A better analysis of these results can be obtained by considering 
the variations in the diffusion coefficient used to obtain the theor­
etical solutions for the curves shown in these figures. These are 
presented in Table III and Table IV. It is significant to note that 
there is considerably more variation in the moisture diffusion coef­
ficients than in the shrinkage diffusion coefficients. In addition, 
there is a tendency for the moisture diffusion coefficients to be 
lower for the results obtained from the 7 day moist cured specimens 
than for the results obtained from the 1 day and the 3 day specimens.
No such tendency is obvious from the shrinkage results.
From the average moisture concentration plots, it can be seen that 
the theoretical curves tend to underestimate the early drying and to 
overestimate the drying at later ages. At first sight, it appears that 
this may be due to an under estimation of the ultimate moisture loss 
which can be expected. However, more recent measurements indicate that 
the drying has almost entirely ceased. As a result, this arguœnt does 
not appear to be valid. One other factor which might be considered to
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TABLE III 
MOISTURE DIFFUSION COEFFICIENTS
REIATIVE
HIMTDITY
TKPE III CEMENT TYPE I CEMENT
1 dav 3 days 7 days 1 day 3 days 7 days
7% 0.014* 0.010 0.010 0.017 0.017 0.011
32% 0.013 0.012 0.012 0.013 0.017 0.012
54% 0.017 0.017 0.011 0.017 0.017 0.013
76% 0.025 0.025 0.020 0.025 0.025 0.020
The moisture diffusion coefficient in units of in!/day.
TABIE IV 
SHRINKAGE DIFFUSION COEFFICIENTS
RELATIVE
HUMIDITY
TYPE III CEMENT TYPE I CEMENT
1 day 3 days 7 days 1 day 3 days 7 days
7% 0.011* 0.010 0.010 0.010 0.009 0.010
32% 0.011 0.010 0.009 0.008 0.007 0.010
54% 0.008 0.010 0.010 0.009 0.006 0.010
76% 0.010 0.009 0.008 0.010 0.010 0.008
* The shrinkage diffusion coefficient in units of in.^ /day.
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affect the correlation of lüw: lÜKxanetûxLL éurlexperimental moisture 
loss results is the starting point of the tests. Since only that 
part of drying which is controlledlby internal diffusion can be 
described by diffusion theory, any water which is not removed by 
diffusion processes but included in the ^ measurements iwould introduce 
secondary errors. However, this argument also lacks foundation because 
the points shown in these figures for early drying do not appear to 
be affected by specimen size but tend to fall on a singular curve.
This would not occur unless the drying was actually diffusion oontrol- 
led.
In an attempt to achieve a better correlation between the theor
retical and the experimental results, a number of dependencies of
the moisture diffusion coefficient were assumed. As a result, it was 
found that a much better fit could be achieved by assuming that,
K = Ko [ 1 - Ki(ln[Kot/b:])] ...BQ[54]
where (Ko) and (Ki) are assumed constants. If this expression is used
to replace (K) in the solutions of the differential diffusion equation 
for slabs, curves such as those shown in Fig.77 can be obtained. It 
must be noted however that this type of function can only be used for 
certain values of (Ki) and only over certain ranges of the fourier 
number. For values of (Ki) less than or equal to 0.25, the curves will 
reach the value ( [ 1 - Û ] = 1.0 ). However, if (Ki) is assumed to be 
greater than 0.25, the curves fall short of reaching this value and 
begin to decrease rather drastically. As a result, this type of emp­
irical function must be used cautiously and only until the slope of
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Fig.77 - Theoretical solution of the diffusion equation for slabs 
obtained by assuming the moisture diffusion coefficient is a linear 
logarithmic function of the fourier nuirter.
TABLE V
MOISTURE DIFFUSION COEFFICIENTS (Ko)
ASSUMING K = Ko( 1 - 0.50[ln(Fbt/bO])
REIATIVE
HUMIDITY
TYPE I CEMENT TYPE III CEMENT
1 day 3 days 7 days 1 day 3 days 7 days
7% 0.010 0.010 0.007 0.010 0.007 0.007
32% o.OlO 0.010 0.008 0.010 0.008 0.008
54% 0.010 0.009 0.009 0.010 0.010 0.006
76% 0.017 0.012 0.011 0.020 0.010 0.010
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t h e  u p p e r  p a r t  o f  t h e  c u r v e  e q u a ls  z e r o .
For the data under consideration, an assumed value of ( Ki = 0.50 ) 
was found to give much better results than the original assumption.
The curves obtained by making this assumption are shown in Figs.53 to 
76 along with the original curves. The (Ko) values used to obtain these 
curves is given in the upper inside lefthand corner of the graphs, 
immediately under the values of (K) assumed previously. It should be 
noticed that these curves do not reach the value ( [ 1 - U ] = 1.0) but 
fall short at the value ([ 1 - U ] = 0.95). Despite this fact, these 
curves fit the experimental data better than the original ( solid ) 
curves.
In addition to providing a better fit, the use of this type of 
function in place of (K) also eliminates much of the variation of the 
remaining parameter (Ko). This is shown in Table V. The variation which 
. remain^,appears to be more random. However there is a tendency for the 
(Kb) values to be lower for the 7 day moist cured specimens than for 
either the 1 day or the 3 day moist cured specimens. There is also a 
tendency for the (Ko) values to be slightly higher for the higher rel­
ative humidities.
In summary of this section, it is interesting to note that while 
both the shrinkage diffusion coefficient and the assumed moisture 
concentration loss coefficient (Ko) do vary, this variance is not 
too large and not highly dependent upon the dependent variables. As 
a result, the assumption of linearity of the diffusion equation does 
appear to be justified. In order to show the spread of the entire
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Fig.78 - A graphical representation of the scatter of theoretical 
curves used to fit the experimental data. (Moisture loss)
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Fig.79 - A grapgical representation of the scatter of theoretical 
curves used to fit the experimental data. (Shrinkage)
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results presented in Figs.53 through 76, Figs.78 and 79 were const­
ructed. These show the variations in the curve developments used to 
fit the experimental data. While it is evident that the moisture conc­
entration curves do show a larger spread, both the shrinkage and the 
moisture concentration loss curves are reasonably well contained 
over a narrow range.
C) THE EFFECT OF SPECIMEN SIZE ON THE SHRINKAGE OF CONCRETE
In addition to the foregoing tests, another larger investigation 
was carried out to establish the influence of specimen size on the 
shrinkage development of concrete. The specimens used in this invest­
igation consisted of slabs ranging in width from 2 inches to 20 inches. 
In addition, beam specimens were cast. These had a constant height 
of 2 inches and varied in width from 2 inches to 12 inches. All the 
specimens were cast as described in Chapter VIII and were subjected 
to different relative humidities after being moist cured for either 
7 days, 3 days or 1 day. Half of all the specimens were cast with con- 
crete made with Tÿpe I cement and the other half were made with Tÿpe III 
cement. The results of this investigation are presented in Table IID 
in Appendix D. Because of the large number of readings taken on ind­
ividual gage points, only the average readings across the cross-section 
are presented in this table.
TO facilitate the analysis of these results, they are presented 
graphically in Figs.80 through 91. The ultimate shrinkage of these 
specimens was obtained by averaging the ultimate shrinkages of the
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beam specimens. This was done to assure that this value would be rel­
atively uninfluenced by any outliers. The results obtained from the 
beam specimens are presented in Table ID in Appendix D.
In each of these figures, the results obtained from the specimens 
made with Type I cement are presented in the upper graph and the res­
ults obtained from the specimens made with Type III cement are presented 
in the lower graph. Each set of experimental points has also been fitted 
with a theoretical curve. The (K) value used to obtain the theoretical 
solutions is presented in the inside upper lefthand corner of each 
graph.
Before discussing the ability of the theoretical curves to fit 
experimental results, it should be noted that there is considerably 
more scatter in those figures than in the figures presented in the 
former investigations. This can be accounted for in a number of ways.
It can readily be seen from these figures, that the results obtained 
from the smaller specimens generally fall below the theoretical curves 
while the results obtained from the larger specimens fall above the 
curves. This is due, at least in part, to the fact that the aggregates 
used in this investigation were oven dried prior to being used. This 
was done to minimize the differences in the water-cement ratio which 
might occur if saturated or partially saturated aggregates were used. 
Unfortunately,'this also caused water to diffuse from the cement paste 
matrix into the aggregates during the early life of the concrete.
And since the shrinkage phenomenon is mostly attributable to the move­
ment of water out of the estent paste matrix, this migration of water 
to the aggregates will cause an overall shrinkage. Moreover, since the
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aggregate spacing in concrete is mostly unaffected by the specimen 
size, when shrinkage is plotted as a function of the fourier number 
to an arbitrary scale, the results of the larger specimens can be 
expected to fall higher than the smaller specimens. In addition, 
since the removal of the initial water at early ages has been shown 
to cause little shrinkage, because of the nature of the plots, the 
results obtained from the smaller specimens at early ages ( but at 
relatively high values of the fourier number to an arbitrary scale ) 
can be expected to fall below the average results.
' It must also be noted that although the fractional average shrin­
kage is plotted, this average refers to the average of the readings 
taken on the specimen gage points. Since more gage points could be 
located on the larger specimens because of their size, the average 
of the shrinkage readings should be reasonably close to the actual 
average shrinkages across the section of the specimens. However, 
because of the size of the smaller specimens, considerably fewer 
gage points could be used and these were generally relatively further 
from the faster drying surfaces. As a result, the average of the 
shrinkage readings taken from these specimens will be less than the 
actual average shrinkage of the cross-section.
One additional factor which no doubt influenced the results is 
that it took several days for the relative humidity chambers to 
reach their equilibrium relative humidity. As a result, since the 
ambient relative humidity outside the chambers was generally over 
60 per cent, those specimens subjected to the lower relative humid- 
ities could not dry as quickly as they would have,if they had been
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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SHRINKAGE DIFFUSION COEFFICIENTS
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RELATIVE
HŒODITY
TYPE I CEMENT TYPE III CEMENT
1 day 3 days 7 days 1 day 3 days 7 days
7% 0.016 0.014 0.013 0.014 0.009 0.011
32% o.Oll 0.011 0.006 0.011 0.010 0.011
54% 0.016 0.016 0.009 0.011 0.014 0.009
76% 0.011 0.014 0.012 0.013 0.006 0.007
Ü3
(/)
50050 10005
Fig. 92 - A figure illustrating the scatter of theoretical curves 
used to fit the experimental data.
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subjected to the proper relative humidities as soon as the tests 
were started.
In addition to the aforementioned trend, a fair amount of random 
scatter also seems to prevail. This is most probably due to the fact 
that because of the large scope of the investigations, only one spec­
imen of each type was cast. As a result, any inconsistencies in the 
preparation or the handling of the specimens were reflected in the 
results.
Despite the scatter however, it is important to :note that the 
results shown in the figures do appear to follow the laws of diffusion 
and seem to be reasonably unaffected by the relative humidity to 
which the specimens were subjected. This is most easily verified 
by considering Table VI. In this table, the values of the shrinkage 
diffusion coefficient used to fit the experimental results are pres- 
ented. It is apparent from this table that while the diffusion coef­
ficient does vary, this variance is limited. There seems to be a tend­
ency for the (K) values of the 7 day specimens to be somewhat lower 
than the (K) values of the 1 day and the 3 day specimens. This was 
also noticed and discussed in the results obtained from the invest­
igation designed to determine the relationship between the shrinkage 
and the moisture loss of concrete. However, the shrinkage diffusion 
coefficient does not appear to be drastically influenced by the 
ambient relative humidity or the cement type.
In an attempt to show the differences in the shrinkage development 
rate caused by the program variables, Fig.92 was prepared. This fig­
ure shews the range of (K) values which were used to obtain the theor-
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etical curves used to fit the experimental data. Prom this figure, 
it becomes evident that while the shrinkage diffusion coefficient 
does vary, the band which envelopes this variation is relatively 
narrow. And although the concrete used in this investigation is 
slightly different from that used in the moisture loss versus shrin­
kage investigation, the range of shrinkage diffusion coefficients 
of the former investigation falls within the same envelope.
Because shrinkage readings were taken along several gage points 
across the section of the larger specimens, some indication of the 
manner in which the shrinkage profile develops can be presented. In 
order to eliminate some of the random error, the results obtained 
from the 1 day, 3 day and 7 day specimens were averaged. As a result, 
curves such as those shown in Fig.93 and Fig.94 were prepared. These 
are typical of the results obtained. It can be seen from these fig­
ures that a considerable profile may develop . This is especially 
noticeable for the larger specimens. Yet in all cases, this profile 
is developed at very early ages and then remains relatively constant 
over long periods of time. These figures clearly demonstrate that 
shrinkage studies which are done using surface shrinkage measuring 
devices cannot be used to estimate what happens in the interior of 
large concrete members.
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CHAPTER X 
EXPERIMENTAL ERRORS
This dissertation would of course be incomplete without some 
discussion of experimental errors. Whenever possible, these errors 
were eliminated. However, some did persist and must therefore be 
brought to the attention of the reader.
A) ERRORS DUE TO CONCRETE PROPORTIONING, CASTING AND HANDLING
Because of the numerous steps involved in the preparation of the 
test specimens, it would be unreasonable to assume that all the spec­
imens used in these investigations were identical. The large number 
of specimens needed to conduct thèse tests did not permit them all 
to be cast from the same batch of concrete. Instead, the specimens 
were cast over a period of three weeks from 1.2 cubic foot batches.
It is therefore reasonable to assume that some variation in the imater- 
ial properties did occur.
During the batching of the concrete, all materials were weighed 
to an accuracy of one-tenth of a pound. The error resulting from 
this precision did therefore not exceed 1 per cent of the weight of 
the least ingredient ( the mixing water ). HOwever, while the weight 
of the ingredients could easily be controlled, the material properties 
could not always be controlled with the same degree of precision. 
Despite the fact that the cements used in these investigations were 
blended and the aggregates were carefully handled, some variations
167
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probably occured, even if only in the gradation of the aggregate.
Since the bulk of these specimens were cast in the early summer 
months during which time the laboratory in which the casting was 
done had neither a controlled temperature or a controlled relative 
humidity, some difficulties were encountered. Prior to being placed 
in the fog room, the daily fluctuations of the environmental cond­
itions in the laboratory could easily have affected the imaterial 
properties of the concrete. Because these environmental conditions 
could not be controlled, every effort was made to limit the expos­
ure of the fresh concrete to the laboratory conditions. Those 
functions which had to be performed in this laboratory were perf­
ormed as quickly as possible ( approximately 15 minutes from the 
start of the mixing to the time when they were placed in the env­
ironmentally controlled fog room ).
As mentioned in Chapter VIII, the specimens were cast in wooden, 
plastic-lined forms. Despite the caution exercised in the construct­
ion of these forms, some relative differences did manifest themselves 
in the specimen sizes. Variations of up to one-eighth of an inch did 
occur. However, since these variations are relatively small in comp­
arison to the least specimen dimension ( 2 inches ), no attempt was 
made to take this variation into account.
B) SPECIMEN STORAGE
After the specimens were moist cured for either 1, 3 or 7 days, 
they were surface dried, sealed, and placed into relative humidity
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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chambers. Since the relative humidities in these chambers were gov­
erned by the vapour pressure over saturated salt solutions rather 
than by mechanical means, some problems were encountered by their 
use. The biggest disadvantage which accompanied their use Twas the 
time required for them to reach their equilibrium relative humidity. 
Despite the fact that the chambers were preconditioned by the solut­
ions for about one week before they were needed, and despite the fact 
that a slight vacuum was induced in the chambers after the specimens 
were installed, it still took several days for the lower equilibrium 
relative humidities to be reached. Slight variations in the equil­
ibrium relative humidities also oocured because of the fluctuations 
in the room temperature (±4°F). in addition, slight relative humid­
ity gradients could have occured in the chambers themselves.
C) MEASURING EQUIPMENT AND TECHNIQUES
A number of errors also oocured in the measuring systems. The 
most obvious of these manifested themselves in the measurements of 
length change. Because of the large number of gage lines ( over 600 ) 
it was not possible to mount a separate dial gage on each of these.
As a result, the measuring device had to be both demountable and 
free from time dependent drift. For these reasons, the extensometer 
described in Chapter VIII was used. The smallest reading of this 
gage, in terms of strain measured over a 12 in ch gage length, was 
approximately 8 millionths. However, the seating error of this gage 
was found by trial to be about ±25 millionths. And although the gage
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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was frequently referenced to an invar bar, some error also oocured 
due to the minor temperature changes in the room and also the gage.
Since the ultimate shrinkage developed in the smaller specimens 
exceeded 600 millionths in some cases, and the error included in 
the measurements was small in comparison, the errors caused by 
improper seating and temperature variations did constitute a large 
part of the readings taken at early drying ages. lAifortunately, 
these errors could not be practically eliminated and are therefore 
included in the shrinkage results.
The weight loss measurements taken to establish the water loss 
due to drying were considerably more accurate. The smallest division 
on the weighing scale was one-tenth of a gram. In comparison to the 
ultimate weight loss readings taken ( more than 40 grams ), the error 
included in the readings was negligible. Even during the early drying, 
the weight loss measurements were quite accurate. It is doubtful that 
large errors were included in this investigation due to the measuring 
techniques.
D) ERRORS DUE TO THE EFFECTS OF CARBONATION
Because, carbonation shrinkage is a natural phenomenon which 
accompanies the drying of concrete, no attempt was made to separate 
the shrinkage associated with this phenomenon. The chambers into which 
the shrinkage and moisture loss specimens were placed, contained 
carbon dioxide in the amounts present in laboratory air. After the 
chambers were sealed, small amounts of carbon dioxide may have
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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gained entrance to the chambers and replenished some of the carbon 
dioxide used up in the carbonation reactions. This iwas possible 
because the windows in the chambers were opened periodically to 
permit the moisture loss specimens to be weighed and to permit 
relative humidity readings to be taken.
In addition to causing shrinkage, carbonation also causes a 
weight gain. Since the weight changes were assumed to be entirely 
due to the removal of water, an error was also introduced. However, 
since the weight gain could not exceed the weight of the carbon 
dioxide present in the chambers, this error was assumed to be 
negligible.
In conclusion of this section, it can also ]be stated that the 
carbonation reactions probably did not affect the shape of the 
shrinkage or the water loss curves presented in the previous chapter.
. This is due to the fact that carbonation has also been found to be 
a diffusion phenomenon [Ref.67].
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erimental results of others.
In Chapter IV, some of the more important factors which influence 
the drying shrinkage of concrete were considered. These include the 
following:
(A) The cement and water contents.
(B) The composition and fineness of cement.
(C) The type and gradation of aggregate.
(D) The size and shape of specimen.
(E) The environmental conditions.
In this chapter, an attempt will be made to determine if diffusion 
theory adequately accounts for these factors.
(A) THE CEMENT AND MATER CONTENTS
The effects of different water and cement contents on shrinkage
II
have been reported by Odman in [Ref.70]. His shrinkage experiments 
were conducted using rectangular shrinkage specimens with dimensions 
of 10 by 15 by 80 cm. After 24 hours of moist curing, the specimens
172
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Fig.95 - The effect of water and cement contents on the fractional 
shrinkage development of mortar and concrete. (Odman)
TABLE VII 
MIX PROPERTIES
MIX w/c AGG. RATIO NOMINAL
STRIM3TH
kg./cm^
SHRINKAGE 
AFTER 300 
days
A ( mortar ) 0.352 0.440 --- 953 mill.
B ( concrete ) 0.420 0.654 600 543
C ( concrete ) 0.542 0.709 400 497
D ( concrete ) 0.819 0.742 200 568
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were removed from their moulds and on the seventh day were placed 
in a controlled environment of 50 per cent relative humidity and 
20*C. Upon being placed in this environment, the shrinkage readings 
( taken along the central longitudinal axis of the specimens ) were 
begun. The tests were continued for 300 days. Based on his published 
results. Fig.95 was prepared. The ultimate shrinkage assumed in the 
preparation of this figure was the shrinkage reported after 300 days.
It is interesting to note that while the ultimate shrinkages and 
the mix proportions varied considerably as shown in Table VII, the 
results obtained from the different specimens appear to fall on a 
singular curve. A theoretical curve was not fitted to the data 
because no shrinkage readings were taken during the first 5 days 
after the specimens were removed from moist curing and subjected 
to a drying atmosphere.
Although more experimental work has been reported in this area, 
no further attempts will be made to apply diffusion theory to the 
results obtained from these studies at this time. As more data is 
fitted with theoretical curves, in subsequent sections of this chapter, 
the reasons for this decision will became apparent.
(B ) THECOMPCGinCN AND FINENESS OF CEMENT
A very comprehensive study was undertaken by Roper [Ref .76] to 
establish the affects of the composition and fineness of cement on
the shrinkage of concrete. In this investigation, concrete shrinkage 
specimens with dimensions, 8 by 3 by 3 inches were cast using a 3/8 inch
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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cncOT' CjS CjS C jA C»AP SO: FREECaO Na«0 KiO FINENESSBIANB
A 5^^ 24.0 1.8 ]3 ^ 1.95 1.04 0.19 0.53 2930
B 47.7 28.0 3 .5 1 2 ^ 2.35 0.83 0.65 0.06 2820
C 4^^ 29.1 3.7 3 1 ^ 2 ^ 5 1.14 0.13 0.40 2830
D 36.1 39.5 3.8 1&^ 3.10 1.58 0.14 0.41 2890
E 6^^ 12.4 4.6 1^ ^ 2^W 0.40 0.36 0.37 3340
F 4 ^^ 24.1 4.6 1^ ^ 2^W 2.86 0.21 0.21 4020
G 4y ^ 29.0 6.2 in 7 2.50 1.58 0.42 0.34 3450
H 4 ^^ 27.8 6.5 1&^ 1.70 0.53 0.09 0.74 2820
I S4.9 19.3 7.0 1&^ 1.80 1.37 o^m 0.61 3090
J 26.0 0.4 9.0 1.60 0.44 0.48 0.32 3510
K 39, S 33.5 9.8 10.5 O^W 2.14 0.43 0.51 3290
L 50.0 21.4 10.3 9.4 2.00 1.94 0.06 0.86 3650
M 52.2 18.9 10.6 1& ^ 1 .90 1.55 0.07 0.60 3620
N 34.3 38.4 10.9 9.3 l^W 0.69 O^K 0.87 3600
0 21.1 11.3 9.3 2.25 1.82 0.07 0.77 3400
P 56.0 16.4 11.8 10.0 1 .70 0.88 0.06 0.30 3100
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Fig.96 - The effect of canent composition and fineness on the fractional 
shrinkage development of concrete beams. The curve is theoretical for 
(K = 0.016). (Boper)
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maximum aggregate and 16 different cements. The composition and 
fineness of these cements varied considerably as shown in Table VIII. 
After 7 days of moist curing, the specimens were placed in a cont­
rolled environment of 23*C and 50 per cent relative humidity. There­
upon, the initial shrinkage readings were taken. The ultimate ( 1 
year ) shrinkages ranged from 670 millionths for the concrete spec­
imens made with cement (A) to 930 millionths for the concrete spec­
imens made with cement (N). Yet despite this variation of physical 
and chemical properties, the results when plotted as fractional shr­
inkage versus the fourier number to an arbitrary scale show a rather 
astonishing tendency to plot on a singular curve. This is seen in 
Fig.96. In addition. Pig.96 also shows that a good fit to the exper­
imental data can be obtained by assuming ( K = 0.016 ) in the theor­
etical solution for a square beam.
A similar but less comprehensive study of the effects of cement 
composition and fineness on the shrinkage of concrete was performed 
by Troxell, Raphael and Davis [Ref.77]. Their results consisted of 
surface shrinkage readings taken on 4 by 14 inch concrete cylinders. 
After 28 days of moist curing, the specimens were subjected to an 
environment of 50 per cent relative humidity and 70*P. Their results 
are plotted in Fig.97 as fractional shrinkage versus the drying time 
in days ( the specimen dimensions were constant ). The ultimate (19 
year ) shrinkage of the concrete specimens ranged from 1400 millionths 
for the concrete made with lype IV , 2200 Blaine fineness cement to 
1100 millionths for the concrete made with Type I, 1300 Blaine
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fineness cement. Despite these differences, the results still indi­
cate a strong tendency to fall on a singular curve. No attempt was 
made to fit this data with a theoretical curve because of the aggr­
avated carbonation shrinkage included in these results.
(C) TtBTYTEAND GRADATION OF AGGREGATE
In addition to those studies described above, Troxel et al, also 
investigated the effects of different aggregates on the shrinkage of 
concrete specimens. These specimens were of the same size and were 
subjected to the same environment as those previously described. In 
addition to being different mineralogically, the aggregates used in 
this investigation also had different porosities and different values 
of Young's modulus. The ultimate (25 year) shrinkages measured on the 
surface of the cylindrical specimens ranged from about 1270 millionths 
for the concrete made with sandstone aggregate to about 550 millionths 
for the concrete made with quartz aggregate. Yet, when the fractional 
shrinkage is plotted against the drying time in days, as shown in Fig.98, 
all the sets of points tend to fall on a singular curve. Because of 
the extended exposure of the specimens to carbon dioxide, no attempt 
was made to fit the data with a theoretical curve.
(D) THE SIZE AND SHAPE OF SPECIMEN
Altliough it has been shown rather conclusively in the experimental 
results presented in Chapter IX that diffusion theory takes into account
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Fig.99 - Average shrinkage across the section of mortar slabs moist 
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Fig.100 -Axial shrinkage results for mortar slabs moist cured for 
seven days and then subjected to 50% R.H. and 72 F. The curve is 
theoretical for (K - 0.006). (Odman)
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the effects of specimen size on shrinkage, an attempt will be made 
to verify this by applying diffusion theory to the experimental 
results which have been reported by others.
Fig.99 shows the results obtained by Pickett [Ref.54] for slabs 
made from cement paste with a rock flour additive. These slabs were 
subjected to drying either from two sides (slab) or from one side 
(half slab) in an environment of 50 per cent relative humidity and 
72*F. The results shown are the average results obtained from three 
specimens. The average ultimate shrinkage ( after 100 days of drying) 
of the 1 inch slab specimens was about 2800 millionths. The curve 
used to fit this data was obtained by assuming (K = 0.014).
Similar tests to those just described were reported by Odman in 
[Ref.70]. These tests were performed on mortar slabs subjected to 
50 per cent relative humidity and 72*F. The results reported were 
. the average results obtained from three specimens and the average 
ultimate (600 days) shrinkage of the smallest slabs was about 1000 
millionths. These results are plotted in Fig.100 in a plot of fract­
ional shrinkage versus the fourier number to an arbitrary scale. It 
can be seen from this figure that a reasonably good fit to the data 
can be obtained by assuming (K = 0.006).
Some of the most extensive work done to evaluate the effects of 
specimen size on the shrinkage of concrete has been reported by 
L'Hermite and Mamillan [Ref.49]. In their work, they measured both 
the surface and the axial shrinkage of square concrete beams of 
various dimensions. The shrinkage readings were begun 24 hours after 
the beams were cast and placed into an environment of 50 per cent
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
1 8 1
0 - 11-0
9
8
•7
6
5
4
O 2b=275" 
n 2b=5 50 
A 2b=825' 
A 2b-H3 6" 
O 2b=276 
@ 2b-39 4
3
■2
0
5 0 10 50 100 50005 1001
t/b* (DAYS/IN*)
Fig.101 - Surface shrinkage results for square concrete beams moist 
cured for 1 day and then subjected to 50% R.H. and 72°F. The curve
is theoretical and (K = 0.012). (L’Hermite and Mamillan)
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Fig. 102 -Axial shrinkage results for the same specimens as in the 
figure above. The curve is theoretical for (K = 0.012).(L'Hermite 
and Mamillan)
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relative humidity and 72*F. Because of the early start of these tests, 
some expansions were recorded for the larger specimens due to the heat 
of hydration and autogenous shrinkage. These results are presented in 
Fig.101 and Fig.102. In order to eliminate the swelling, it was ass­
umed by the author that the shrinkage or swelling at (t/bf = 0.01 days/in. 
could be assumed to equal zero. The theoretical curves shown in these 
figures were both obtained by assuming (K = 0.012). This is somewhat 
surprising because the surface shrinkage and the axial shrinkage of 
a member have been shown to develop differently because of the diff­
erential shrinkage gradients which result when concrete dries.
While the results reported by L'Hermite and Mamillan were obtained 
from relatively large specimens, some results for smaller specimens 
have been reported by Peterson and Watstein [Ref.78]. In their invest­
igations, they used a concrete with a maximum 1/2 inch aggregate which 
was moist cured for 7 days and then subjected to an environment of 
50 per cent relative humidity and 73*F. The results they obtained from 
their beam specimens are presented in Fig.103. The ultimate (500 day) 
shrinkage of the smaller specimen was 760 millionths. A reasonably 
good fit to the data can be obtained by assuming (K = 0.006). '
The most comprehensive study which has been done to evaluate the 
effects of specimen shape on the shrinkage of concrete has been reported 
by Hansen and Mattock [Ref.47]. Although the bulk of their work was 
done on cylinders, they also reported results for the shrinkage of 
I-beams and a T-beam. All their specimens were moist cured for 28 days 
and then subjected to 50 per cent relative humidity and 72*F. The 
shrinkage readings they reported were taken on the surface of the
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Fig.103 - Surface shrinkage results for square concrete beams moist 
cured for seven days and then subjected to 50% R.H. and 73 F.(K=0.006)
(Peterson and Watstein)
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Fig.104 - Surface shrinkage results for concrete cylinders moist 
cured for 28 days and then subjected to 50% R.H. and 72 F. The 
curve is theoretical and (K = 0.012). (Hansen and Mattock)
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specimens. Fig.104 shows a plot of fractional surface shrinkage versus 
the fourier number to an arbitrary scale for the results they obtained 
from concrete cylinders made with Elgin gravel. The ultimate (1600 day) 
shrinkage of the 4 inch diameter cylinder was about 940 millionths.
A good fit to the data can be obtained by assuming (K = 0.012) in 
the theoretical equation. It is interesting to note however that there 
is a tendency for the surface shrinkage of the larger specimens to 
be lower than the theory suggests at later ages. This may be due to 
the creep which manifests itself due to the differential shrinkage 
gradients. Initially, the surfaces are in tension because of the 
shrinkage restraint provided by the interior. Creep however, will 
reduce this stress at the surfaces. As a result, the surfaces will 
not shrink to their ultimate value but rather to some reduced value.
At later ages, the interior will want to shrink to its ultimate 
value but will then be restrained by the surfaces. This will lead 
to a stress reversal at the surfaces and a reduction in the shrink­
age and the shrinkage rate at later ages.
As mentioned in Chapter V, it is extremely difficult and in some 
cases impossible to obtain exact solutions of the differential diff­
usion equation for irregular-shaped members. However, it has been 
suggested by a number of authors that members which have the same 
volume to drying surface area ratio will shrink in a similar fashion 
and at a similar rate. In order to check the validity of this ass- 
umption, the results obtained from three I-beams and one T^beam by 
Hansen and Mattock have been fitted with theoretical curves as shown 
in Fig.105 and 106. These curves were obtained by assuming that these
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irregular-shaped members shrink in the same fashion as cylinders 
having the same volume to drying surface area ratio. The constants 
needed to evaluate the theoretical curves were assumed to be the 
same as those used to fit the results obtained from the cylinders 
shown in Fig.104. While the theoretical curves shown in Figs.105 
and 106 compare reasonably well with the experimental results at 
early ages, they tend to overestimate the shrinkage at later ages.
In an attempt to get a better fit to the experimental data,
2
the author assumed that members which have the same average (width)
2and (height) shrink in the same fashion. This assumption was promr 
pted by the observation that the shrinkage development seems to 
be proportional to the square of the drainage distance as seen in 
the fourier number. This implies that an irregular-shaped member 
will shrink the same way as an equivalent beam which has dimensions:
2 dy ...... EQ[55]
and
2(a):= y: dx ...... BQ[56]
-a
where (2b) is the height of the irregular-shaped beam, (2a) is the 
width of the irregular-shaped beam, (2B) is the height of the equiv­
alent beam and (2a) is the width of the equivalent beam. The theor­
etical solution for the shrinkage of this rectangular equivalent 
beam can then be obtained by the imethods outlined in Chapter V.
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This method was used to obtain the theoretical curves shown in Fig.105
and Fig.106. It can be seen fran these figures that for the examples 
under consideration, the equivalent beam method gives better results 
than the volume to drying surface area ratio method used previously.
CB) THE ENVIRONMENTAL CONDITIONS
Although it has been shown rather conclusively in Chapter IX 
that the relative humidity has very little effect on the ability 
of diffusion theory to describe the shrinkage development of concrete, 
an attempt will be made to verify this finding by considering the 
results which have been published by other investigators. Fig.107 
shows the results obtained by TToxell et al, [Ref.77] for 4 by 14 
inch cylinders drying in 50 per cent and 70 per cent relative hum­
idities at a temperature of 70*F. It can be seen from this figure 
that when the fractional shrinkage is plotted against the drying 
time ( for a constant size of specimen ) the effects of different 
relative humidities on the shrinkage development of concrete are 
eliminated. Similar results were reported by L'Hermite and Mamillan 
[Ref.48] for 7 by 7 by 28 cm specimens of concrete subjected to 
30, 50 and 75 per cent relative humidities at 20*C. These results 
are presented in Fig.108. Again it can be seen that the effects of 
different relative humidities do not restrict the use of diffusion 
analogies.
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(F) SUMMARY OF RESULTS
In view of all the results which have been presented in this 
chapter, it seems advisable to review these findings and to make 
a few comments prior to presenting the conclusions. It is perhaps 
most interesting to note that while the shrinkage results presented 
in this chapter have been reported by different investigators and 
include results obtained from a wide variety of concretes and mort­
ars, the theoretical curves generally fit the data very well. Most 
astonishing is the fact that the shrinkage diffusion coefficient 
does not differ drastically from one set of results to the next.
In fact, the shrinkage development curves used to fit the data can 
all be enveloped by the theoretical curves obtained by assuming 
(K = 0.006 in.^ /dayj at the lower limit and by assuming (K = 0.016 
in.*/dayj at the upper limit as shown in Fig.109 and Fig.110. This 
band of curves is extremely narrow considering the fact that both 
mortar and concrete were used in the investigations.
It should also be pointed out that although the shrinkage data 
presentedjjKfhxkd surface shrinkage results, axial shrinkage results 
and average shrinkage results, the theoretical curves compared fav­
orably with all the results. In addition, the theory also compared 
favorably with results obtained from slabs, half slabs, beams and 
cylinders. It therefore seems that the boundary conditions do not 
restrict the use of diffusion analogies. If the boundary conditions 
are too complex to afford an exact theoretical solution, the equival-
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ent beam method seems to give reasonable results.
Because of the narrow band of theoretical curves needed to fit 
all the results, an average curve could have been used with only a
limited loss of accuracy.
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CHAPTER XII 
CONCLUSIONS AND RECOMMENDATIONS
The main purpose of this investigation was to determine if the 
drying shrinkage of concrete can adequately be described by mathemr 
atical diffusion analogies. As such, it is not a fundamental study 
of concrete as an engineering material, but rather an attempt to 
provide a more accurate means of predicting a phenomenon associated 
with the use of concrete. In this chapter, conclusions will be made 
based not only upon the experimental results of the author, but also 
upon the results which have been reported in the literature. These 
conclusions will deal first with the ability of mathematical diffusion 
analogies to describe the moisture loss and the shrinkage of concrete 
and then with how these analogies might be used to predict these 
phenomenon.
AJ FimCAMENTAL CONSIDERATIONS
1) THE RELATIONSHIP BETWEEN MOISTURE LOgS AND SHRINKAGE
Based upon the experimental results presented in Chapter IX, it 
may be concluded that for the concretes under consideration, a definite 
relationship does exist between the average moisture concentration 
loss and the fractional shrinkage of concrete. This relationship, while 
difficult to define at early drying ages, may be assumed to be reasonably 
linear at later ages. In addition, this relationship does not appear
193
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to be overly influenced by the length of moist curing, the relative 
humidity during drying or the specimen size.
2) THE DRYING OF CONCRETE AS A DIFFUSION PHENOMENON
The comparison of experimental and theoretical results presented 
in Chapter IX do indicate that the moisture loss of concrete can ad­
equately be described by the mathematics of diffusion. These results 
further suggest that the imoisture diffusion coefficient is not infl­
uenced significantly by the specimen size or by the imoisture content 
of the concrete. As a result, the linear differential diffusion eq­
uation can be used to describe the drying of concrete.
For the results obtained from the experimental part of this diss­
ertation, a better fit could be obtained by assuming that the diff­
usion coefficient is a linear logarithmic function of the fourier 
number, such that:
K = Ko[l - Ki(ln[Kot/b=])] ..... BQ[54]
in the theoretical solution of the diffusion equations. In particular, 
it was found that a good fit to the data could be obtained by assuming 
that (Ki = 0.50 in.^ /day).
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3) THE SHRINKAGE OF CONCRETE AS A DIFFUSION PHENOMENON
Based upon the comparison of the author's experimental results 
and the theoretical results, it may be concluded that the shrinkage 
of concrete can be described by linear diffusion analogies. The sh­
rinkage diffusion coefficient does not appear to be significantly 
influenced by the specimen size, the length of moist curing or by 
the relative humidity to which the specimens were subjected during 
drying.
By comparing the theoretical curves with the experimental res­
ults in the literature, some further conclusions appear to be warr­
anted. These are the following:
1. The theoretical method adequately describes the shrinkage 
development of mortar as well as concrete.
2. The accuracy of the theoretical method is not significantly 
affected by the cement and water contents of the concrete: by the 
cement composition or fineness: by the type and gradation of aggr­
egate: by the size and shape of specimen: or by the ambient relative 
humidity.
3. Ihe theoretical method can be used to predict the development 
of the surface shrinkage, the axial shrinkage and the average shrink­
age across the section.
4. The theoretical method takes into account the effects of the 
shape of the member for slabs, half slabs, square beams, cylinders 
and structural shapes such as I-beams and T-beams.
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Perhaps the most significant conclusion which can be made is 
that the shrinkage diffusion coefficient is relatively constant. All
the data which was fitted could be enveloped by theoretical curves
2 2
obtained by assuming (K = 0.016 in. /day) and (K = 0.006 in. /day).
This is a very narrow spread when the differences in the material, 
the testing and the specimens are considered.
B) SUGGESTED METHOD FOR THE PREDICTION OF SHRINKAGE
As a result of the foregoing, a method for the prediction of 
concrete shrinkage can now be suggested. The fastest and the most 
economical way of predicting the shrinkage of a concrete member 
could be obtained by assuming an average curve for the fractional 
shrinkage development. If the prediction must include a safety factor, 
a value of the shrinkage diffusion coefficient of (K ^  0.016 in.^ /day) 
could be assumed. If the average shrinkage development curve is 
desired, a value of the shrinkage diffusion coefficient of (K = 0.010 
in.'/day) could be assumed.
The only constant which then must be determined experimentally, is 
the ultimate shrinkage under the assumed average ambient conditions.
This constant could be determined relatively quickly by using a small 
laboratory specimen and measuring the shrinkage along that part of the 
profile which is desired (i.e. surface, axial or average). Once this 
constant has been evaluated, the shrinkage of the larger imember loould 
be predicted.
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A more accurate estimation of the shrinkage developed in a 
field member could be obtained by performing experimental shrinkage 
studies on a series of specimens of different sizes. From this study, 
not only the ultimate shrinkage but also the actual value of the . 
shrinkage diffusion coefficient could be established.
C) SUGGESTED FUTURE RESEARCH
Based upon the results obtained in this investigation, a few 
suggestions can be made with regards to the type of research which 
might be undertaken in this field of study.
Since this investigation has dealt entirely with unreinforced 
concrete, studies should be undertaken to attempt to apply this theory 
to the shrinkage of reinforced concrete. Very little has been exp^ 
erimentally done to establish the shrinkage development of reinforced 
concrete.
Since the method suggested in this dissertation for the prediction 
of concrete shrinkage still requires the evaluation of the ultimate 
shrinkage of the concrete, à study could perhaps be done to determr 
ine if the ultimate shrinkage could be predicted from a quick test 
either by heating the specimen for a specified length of time or by 
subjecting the concrete to a vacuum.
Finally, it should also be mentioned that the tests undertaken in 
this investigation are still in progress. Every effort will be made to 
continue these tests for at least the next five years. This should all­
ow even the largest specimens to reach a state of near equilibrium.
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APPENDIX A 
TABLE I
TYPICAL
CHEMICAL AND PHYSICAL TEST RESULTS FOR 
LAKE ONTARIO NORMAL PORTLAND CEMENT
C h e m i. c a 1 A n a 1. v s i s : C S 54?;
CgS 22%
C^A 10.2%
C,AF 6%
Physic a .1 T e s t s :
Blaine Fineness-- fineness, cm?/g. 3Ü16
Soundness:
Autoclave Expansion, per cent 0 .12%
Time of Set, Gillmore Needle:
Initial, hr.: min. 2:25
Final, hr.: min. 4:00
Compressive Strength, psi.:
1 day 1491
7 day 2257
14 day 37942# day 4375
Normal consistency 24.0%
Prepared by the Research Division of the Ontario Hydro.
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APPENDIX A 
TABLE I
PHYSICAL TEST RESULTS FOR CANADA 
HIGH EARLY PORTLAND CEMENT
Physical Tests
Blaine Fineness
Fineness, sq cni/g 4025
Time of Set, Gillmore Needle
Initial, hr., :min. 1:35
Final, hr., ;min. 3:15
Compressive Strength, psi
1 day 3022
7 day 4631
14 day 4963
28 day 6725
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Appendix A 
TABLE a
QUALITY OF PARIS SAND
Fractions No. 8 to No, 100 
Per Cent
No, 4
Per Cent
Physical Quality
Good particles 
Fair particles 
Poor particles
Chemical Quality
97.7
.8
1.5
lob'/p
96.1'Innocuous particles 
Deleterious (?) particles 2.0
Deleterious particles 1.9
Harmful particles
100.0
4.8
99.1
.9 
100.0
93.7
2.7
3.6
IQOVO
6,3
Poor particles: Soft marl and micaceous minerals
(mica, chlorite)
Deleterious particles: Soft marl and ironstones
Particles suspected of being deleterious: Brittle marl and
"limonltic calcareous sandstone, rich 
in limonite.
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